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ABSTRACT
The f o r m u l a t i o n  o f  t h e  v a r i a t i o n a l  p r i n c i p l e  o f  J o n e s  
and S o n d h e im e r ,  w hich  t h e y  u s e d  t o  o p t im i s e  t h e  f u n c t i o n a l  
fo rm  o f  t h e  e l e c t r i c  f i e l d  i n s i d e  a  s e m i - i n f i n i t e  sp e c im e n ,  
i s  m o d i f i e d  and e x te n d e d  t o  exam ine t h e  e f f e c t s  o f  s i z e  
and  s u r f a c e s  on t h e  o p t i c a l  p r o p e r t i e s  i n  t h e  e x tre m e  anoma­
l o u s  r e l a x a t i o n  r e g i o n  o f  a  m e t a l l i c  t h i n  f i l m  i n  a c o n s t a n t  
m a g n e t ic  f i e l d .  F o r  t h i s  p u r p o s e ,  a  v a r i a t i o n a l  i n t e g r a l  
i s  d e f i n e d  a s  an  e x p r e s s i o n  q u a d r a t i c  i n  t h e  t a n g e n t i a l  
com ponen ts  o f  t h e  e l e c t r i c  f i e l d  a t  t h e  s u r f a c e s  o f  t h e  
f i l m .  The c o e f f i c i e n t s  o f  t h i s  e q u a t io n  a r e  r e l a t e d  t o  
f o u r  2x2 t e n s o r s : ,  c l o s e l y  r e l a t e d  t o  t h e  u s u a l  a d m i t t a n c e  
t e n s o r ,  i n  t e rm s  o f  w h ich  t h e  r e f l e c t i o n  and t r a n s m i s s i o n  
t e n s o r s  can  he w r i t t e n .  W ith  t h e  m a g n e t ic  f i e l d  p a r a l l e l  
t o  t h e  su r fa .c e  o f  t h e  sp e c im e n  t h e  h ig h  d e g re e  o f  sym m etry  
e n a b l e s  t h e  c a s e s  o f  l o n g i t u d i n a l  and t r a n s v e r s e  p r o p a g a t i o n  
t o  be t r e a t e d  s e p a r a t e l y . ,  W ith  t h e  sum o f  two e x p o n e n t i a l s  
a s  a  t r i a l  f u n c t i o n  f o r  t h e  e l e c t r i c  f i e l d  i n s i d e  t h e  f i l m ,  
b o t h  c l a s s i c a l  and n o n - c l a s s i c a l  r e u l t s  f o r  t h e  l o n g i t u d i n a l  
and t r a n s v e r s e  p r o p a g a t i o n  a r e  o b t a i n e d  f o r  t h e  r e f l e c t i v i t y ,  
t r a n s m i t t i v i t y  and a b s o r p t i v i t y  o f  t h e  f i l m .  N u m e r ic a l  
c a l c u l a t i o n s  have  b e en  c a r r i e d  o u t  f o r  a  m odel o f  a  d e g e n e r -
a t e  s e m i- c o n d u c to r  w i th  N=10 , m*=0„lm .6 = 1 6 ,  w here  N i so
t h e  number o f  e l e c t r o n s  p e r  u n i t  vo lum e, m* t h e  e f f e c t i v e  
m ass ,  mQ t h e  e l e c t r o n i c  m ass and t h e  p e r m i t t i v i t y ,  a t  
v a r i o u s  t h i c k n e s s e s ,  f r e q u e n c i e s  and m a g n e t ic  f i e l d s .  The 
V o ig t  e f f e c t  i s  a l s o  i n c l u d e d  i n  t h e  t h e o r y  and  n u m e r i c a l  
c a l c u l a t i o n s  f o r  t h i s  have  a l s o  b e en  c a r r i e d  o u t  u s i n g  t h e  
same m o d e l.  The r e s u l t s  show t h a t  t h e  c l a s s i c a l  s i z e  
e f f e c t s  g r e a t l y  i n f l u e n c e  t h e  b e h a v io u r  o f  t h e  t r a n s m i t t i v i t y ,  
r e f l e c t i v i t y ,  a b s o r p t i v i t y  and t h e  V o ig t  r o t a t i o n .
E nhanced  a b s o r p t i o n  due t o  d i f f u s e  s c a t t e r i n g  o f  e l e c t r o n s  
a t  t h e  s u r f a c e  i s  a l s o  o b s e r v e d .
( i i i )
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CHAPTER 1
PREFACE
When an e l e c t r o m a g n e t i c  wave o f  f r e q u e n c y  u> i s  i n c i d e n t  
on t h e  s u r f a c e  o f  a  c o n d u c t in g  medium, a  f r a c t i o n  o f  i n c i d ­
e n t  e n e rg y  i s  r e f l e c t e d ,  some a b s o rb e d  and  t h e  r e m a in d e r  
t r a n s m i t t e d .  I f  t h e  medium i s  o f  f i n i t e  s i z e ,  a s su m in g  
i t  t o  occupy  a  r e g i o n  V bounded  by  a  s u r f a c e  S , i t  i s  
p o s s i b l e  t o  d i s c u s s  t h e  e f f e c t s  o f  s i z e  and s u r f a c e  on t h e  
r e f l e c t i o n  and t r a n s m i s s i o n  o f  t h e  wave by  t h e  medium.
F o r  i n c i d e n c e  on a p l a n e  s u r f a c e  t h e  i n c i d e n t  r a d i a t i o n  
p r o d u c e s  a  s u r f a c e  c u r r e n t  l a y e r  o f  t h i c k n e s s  6 ( t h e - c l a s s ­
i c a l  s k i n  d e p th )  and t h e  e l e c t r o m a g n e t i c  wave i s  damped 
w i t h i n  t h i s  l a y e r .  At room t e m p e r a t u r e s  t h e  c o n d u c t in g  
e l e c t r o n s  a r e  c o n f in e d  t o  t h i s  s k i n  d e p th ;  t h e  o p t i c a l  
p r o p e r t i e s  o f  m e t a l s  a r e  t h e n  a d e q u a t e l y  d e s c r i b e d  by  P r u d e ' s  
c l a s s i c a l  t h e o r y  w hich  p r e d i c t s  t h a t  t h e  c o n d u c t i v i t y  d e ­
p e n d s  on t h e  m ag n itu d e  o f  t h e  f r e q u e n c y ^ .  How ever, i n
p u re  m e t a l s  a t  low  t e m p e r a t u r e s  t h e  mean f r e e  p a t h  o f  c u r r e n t
2c a r r i e r s  w h ich  i s  t y p i c a l l y  o f  o r d e r  10~ cm b e tw e e n  c o l l i s ­
i o n s  becom es g r e a t e r  t h a n  t h e  c l a s s i c a l  s k i n  d e p th  w h ic h  i s  
o f  o r d e r  10“ ^  cm a t  m icrow ave f r e q u e n c i e s  and, a  n o n - l o c a l  
r e l a t i o n s h i p  b e tw e e n  t h e  c u r r e n t  d e n s i t y  and  t h e  e l e c t r i c  
f i e l d  o b t a i n s .  The s k i n  d e p th  becom es i n d e p e n d e n t  o f  
t h e  mean f r e e  p a t h ,  and t h e  sy s te m  i s  t h e n  s a i d  t o  be  u n d e r  
anom alous s k i n  e f f e c t  c o n d i t i o n s .  I n  t h i s  re g im e  D r u d e ’s 
t h e o r y  b r e a k s  down. I n  t h e  e x tre m e  an om alous  r e g i o n  i t  
i s  p r i m a r i l y  t h e  n o n - l o c a l  r e l a t i o n s h i p  b e tw e e n  t h e  c u r r e n t  
d e n s i t y  and t h e  f i e l d  w h ich  p r o d u c e s  a  d e p a r t u r e  from  t h e  
c l a s s i c a l  r e s u l t s .  I n  t h e  e x tre m e  anom alous  r e l a x a t i o n  
r e g i o n  [ P ip p a r d ,  1954]» h o w e v e r ,  t h e  n o n - l o c a l n e s s  i s  o f
l e s s  i m p o r t a n c e , , t h e  v a r i a t i o n  o f  t h e  c o n d u c t i v i t y  w i t h  
t h e  d i s t a n c e  from  t h e  s u r f a c e  b e in g  t h e  more i m p o r t a n t  
f a c t o r .
I n  s e c t i o n  ( 2 . 1 )  we r e d e r i v e  C r u d e 's  b a s i c  f o rm u la e  
from  t h e  B o ltzm ann  e q u a t i o n  by  m aking s u i t a b l e  a p p r o x i ­
m a t io n s  and show t h a t  t h e  c o n d u c t i v i t y  d e p e n d s  on w h e th e r  
t h e  f r e q u e n c y  60 i s  g r e a t e r  t h a n  o r  l e s s  t h a n  t h e  p la s m a  
f r e q u e n c y 6 ^ .  I n  s e c t i o n  ( 2 . 2 )  we d i s c u s s  t h e  e s s e n t i a l
1'
f e a t u r e s  o f  t h e  anom alous s k i n  e f f e c t  w h ich  l e a d  t o  t h e  
f a i l u r e  o f  D r u d e 's  t h e o r y  and t h e  i m p o r t a n t  c o n s e q u e n c e s  
a r i s i n g  from  t h e s e .
The p r e s e n c e  o f  t h e  m a g n e t ic  f i e l d  B c a u s e s  e n h a n c e d  
p e n e t r a t i o n  o f  t h e  r a d i o f r e q u e n c y  c u r r e n t s  i n t o  t h e  b u l k  
o f  t h e  m e ta l  u n d e r  anom alous s k i n  e f f e c t  c o n d i t i o n s ,  and  
t h e  c o n d u c t i v i t y  i s  t h e n  c h a r a c t e r i s e d  by  a  t e n s o r  whose 
e le m e n ts  a r e  s t r o n g l y  d e p e n d e n t  on t h e  m a g n i tu d e  and  d i r e c ­
t i o n  o f  t h e  a p p l i e d  f i e l d .  T h is  p r o d u c e s  a d d i t i o n a l  
e f f e c t s  w hich  g iv e  r i s e  t o  i m p o r t a n t  phenom ena, an  exam ple  
o f  w h ich  i s  t h e  A z b e l ' - K a n e r  c y c l o t r o n  r e s o n a n c e  w h ich  i s  
d i s c u s s e d  i n  s e c t i o n  ( 2 .3 ) »  To d e te r m in e  t h e  r e f l e c t i v i t y  
t e n s o r ^  and t r a n s m i t t i v i t y  t e n s o r  ^  o f  a  t h i n  f i l m  s p e c ­
im en f o r  e l e c t r o m a g n e t i c  w aves i n c i d e n t  on one o f  i t s  
s u r f a c e s  i n  t h e  p r e s e n c e  o f  t h e  m a g n e t ic  f i e l d  B^, we n e e d  
t o  s o l v e  M a x w e l l 's  e q u a t i o n s  f o r  t h e  f i e l d s .i n s i d e  V, t h e  
r e g i o n  o c c u p ie d  by t h e  medium. Due t o  t h e  n o n - l o c a l  
r e l a t i o n s h i p  b e tw ee n  t h e  c u r r e n t  d e n s i t y  and  t h e  e l e c t r i c  
f i e l d  t h e s e  become i n t e g r o - d i f f e r e n t i a l  e q u a t i o n s .  I f  
o u r  sy s te m  w ere t r a n s l a t i o n a l l y  i n v a r i a n t  we s h o u ld  be  
a b le  t o  work i n  te rm s  o f  F o u r i e r  t r a n s f o r m s  f o r  w h ic h  a  
l o c a l  r e l a t i o n s h i p  would e x i s t ,  b u t  we f i n d ,  b e c a u s e  o f
t h e  lo n g  mean f r e e  p a t h  o f  t h e  e l e c t r o n s ,  t h a t  s u r f a c e  
e f f e c t s  p l a y  a  p ro m in e n t  p a r t  i n  t h e  c o n d u c t io n  m echanism  
and  t h e r e f o r e  t h e  sy s tem  c a n n o t  be  t r e a t e d  a s  t r a n s l a t i o n -  
a l l y  i n v a r i a n t .  I n  t h e  c a s e  o f  a  t h i n  f i l m ,  b e s i d e s  s u r ­
f a c e  e f f e c t s  we a l s o  n e e d  t o  c o n s i d e r  s i z e  e f f e c t s ,  w h ich  
a r e  o f  e x tre m e  im p o r ta n c e  and i n  s e c t i o n  ( 2 . 4 )  we c o n s i d e r  
t h e  e f f e c t s  o f  s i z e  o f  t h e  sp e c im en  and d i s c u s s  t h e  G a n t-  
m akher e f f e c t  a s  an exam ple  o f  t h e i r  i m p o r t a n c e .  H ence ,
t e n s o r  ^  f o r  a  t h i n  f i l m  we n e e d  t o  s o lv e  t h e  i n t e g r o - d i f -
f e r e n t i a l  e q u a t i o n s  w i th  due c o n s i d e r a t i o n  g iv e n  t o  s i z e  
and s u r f a c e  e f f e c t s .
S o l u t i o n s  o f  t h e s e  e q u a t i o n s ,  i n  a  s e m i - i n f i n i t e
medium w here o n ly  s u r f a c e  e f f e c t s  n e e d  be c o n s i d e r e d ,  have
b e e n  o b t a i n e d  by  R e u te r  and S ondh e im er (1 9 4 8 )  f o r  t h e
anom alous s k i n  e f f e c t  i n  t h e  a b se n c e  o f  a m a g n e t ic  f i e l d .
They u s e d  t h e  t h e o r y  o f  i n t e g r a l  t r a n s f o r m s  t o  o b t a i n  e x a c t
s o l u t i o n s  f o r  two l i m i t i n g  c a s e s  o f  s p e c u l a r  s c a t t e r i n g
( p = l )  a t  t h e  s u r f a c e  and  c o m p le t e ly  d i f f u s e  r e f l e c t i o n
( p -0 ) o  H artm ann and L u t t i n g e r  ( 1 9 6 6 ) ,  on t h e  o t h e r  h a n d ,
t o  o b t a i n
have  u s e d  L a p la c e  t r a n s f o r m s X e x a c t  e x p r e s s i o n s ,  f o r  a r b i ­
t r a r y  p ,  f o r  t h e  s u r f a c e  im pedance  f o r  t h e  anom alous  s k i n  
e f f e c t  and by  m aking  some a p p ro x im a t io n s  o b t a i n e d  e x p r e s ­
s i o n s  f o r  t h e  im pedance  f o r  t h e  A z b e l ’ -K a n e r  c y c l o t r o n  
r e s o n a n c e .  A p prox im ate  s o l u t i o n s  have  a l s o  b e e n  o b t a i n e d
by  A z b e l 1 and K aner ( 1 9 5 6 ,1 9 5 8 ) ,  M a t t i s  and  D re s s e lh a .u s
e t  a l .
( 1 9 5 8 ) ,  R o d r ig u e z  (1 9 5 8 )  and  S u z u k iX ( l9 6 l )  f o r  t h e  A z b e l 1-  
K an er  r e s o n a n c e .  These  h av e  shown t h a t ,  b e c a u s e  s u r f a c e  
e f f e c t s  c o m p l ic a te  t h e  e x p r e s s i o n s  f o r  t h e  c u r r e n t ,  a ssum ­
p t i o n s  have  t o  be made a b o u t  t h e  k e r n e l  i n  t h e  i n t e g r o -  
d i f f e r e n t i a l  e q u a t io n  and  t h e  e f f e c t  o f  t h e s e  on t h e  v a l i d i t y
o f  t h e  r e s u l t s  o b t a i n e d  a r e  d i f f i c u l t  t o  e s t i m a t e .  F o r  a  
f i n i t e  sp e c im en  w here  b o t h  s i z e  and s u r f a c e  e f f e c t s  p l a y  
a  r o l e  t h e  e x p r e s s i o n s  become more c o m p l i c a te d ,  and th o u g h  
a p p ro x im a te  s o l u t i o n s  r e l a t e d  t o  t h e  t r a n s m i s s i o n  o f  e l e c t r o -  
m a g n e t ic  waves th r o u g h  a  c o n d u c t in g  s l a b  have  r e c e n t l y  b e e n  
o b t a i n e d  by  B a r a f f  ( 1 9 6 8 ) ,  u s i n g  a  t w o - s i d e d  W ien er-H o p f 
t e c h n i q u e ,  t h e  a p p r o x im a t io n s  made i g n o r i n g  s u r f a c e  e f f e c t s  
m ig h t  be e x p e c te d  t o  have  more s e r i o u s  c o n s e q u e n c e s  i n  
t h i n  f i l m s .
An a l t e r n a t i v e  a p p ro a c h  i s  t h e  v a r i a t i o n a l  p r i n c i p l e
o f  Jo n e s  and S ondhe im er ( I 9 6 0 , 1 9 6 4 , 1 9 6 5 a »1 9 6 5 b ) •  F o r  a
c o n d u c to r  o c c u p y in g  a  r e g i o n  V bounded  by a  s u r f a c e  S
t h e y  d e f i n e d  a  q u a n t i t y  I w , a  f u n c t i o n a l  o f  t h e  e l e c t r i c
4-
f i e l d  E ^  and a  c o n ju g a te  f i e l d  E^J o b t a i n e d  by  r e v e r s i n g
t h e  m a g n e t ic  f i e l d  and showed t h a t  1 ^  i s  s t a t i o n a r y  w i t h
4-
r e s p e c t  t o  s m a l l  v a r i a t i o n s  m  Ef t and  E 1 w i t h  t h e  b o u n d a ryUJ 03
4
c o n d i t i o n s  t h a t  t h e  t a n g e n t i a l  com ponents  o f  6E and  5E 1
CO 6 0
a t  t h e  s u r f a c e  a r e  z e r o .  By c h o o s in g  a  t r i a l  f u n c t i o n
4-
f o r  t h e  e l e c t r i c  f i e l d s  E and E 1 i n v o l v i n g  a  s e t  o f  nI/O co
p a r a m e t e r s
i ~  1 ,2 ,5 }  oo. no
t h i s  i s  e q u i v a l e n t  t o  t h e  s t a t e m e n t
X ( 0l w /a X i ) 6\ L = 0 . ( 1 . 1 )
The v a l u e s  o f  A j o b t a i n e d  from  ( 1 . 1 )  w ere t h e n  r e p l a c e d  i n
t h e  e x p r e s s i o n  f o r  I  t o  g iv e  t h e  b e s t  a p p r o x im a t io n  t o
I , . f  o r  a  f u n c t i o n  o f  c h o se n  fo rm . T h is  v a r i a t i o n a l  t e c h -  60
n iq u e  i s  o f  g e n e r a l  a p p l i c a b i l i t y  b u t  h a s  h i t h e r t o  b e e n  
a p p l i e d  o n ly  t o  a s e m i - i n f i n i t e  medium i n  w h ich  o n ly  s u r f a c e
e f f e c t s  a r e  p r e s e n t *  The m ain  o b j e c t  h e r e  i s  t o  a p p ly  
t h i s  v a r i a t i o n a l  p r i n c i p l e  t o  d i s c u s s  t h e  r e f l e c t i o n  and 
t r a n s m i s s i o n  o f  e l e c t r o m a g n e t i c  waves i n  m e t a l l i c  t h i n  f i l m s  
i n  a  c o n s t a n t  m a g n e t ic  f i e l d ,  w here  b o th  s i z e  and  s u r f a c e  
e f f e c t s  ,p la y  a  r o l e ,  i n  t h e  e x tre m e  anom alous r e l a x a t i o n  
r e g i o n  Q ? ip p a rd , 1954] • F o r  t h i s  p u r p o s e ,  some r e f i n e m e n t  
o f  t h e  t e c h n iq u e  u s e d  p r e v i o u s l y  i s  r e q u i r e d  and  t h i s  i s  
c o n s i d e r e d  i n  C h a p te r  3° We t a k e  V t o  be  t h e  r e g i o n  
b e tw ee n  two p a r a l l e l  p l a n e s  z=0 and z=d ( x , y , z  b e in g  
r e c t a n g u l a r  C a r t e s i a n  c o o r d i n a t e s )  and do a  p a r t i a l  F o u r i e r
JL
t r a n s f o r m  o f  E ( r )  and E J ( r )  a s  f o l lo w s  'HO ^60
E ( r )  'HO /v
c  , s - i C s - x + s - y )
£w ( z ’s x ’ s y )e  dBx d s y
!U
and a  s i m i l a r  e x p r e s s i o n  f o r  B ecau se  o f  t h e  sym m etry•/"S*
o f  t h e  f i l m  we can  e x p r e s s  i n  t e rm s  o f  and t h e  v a r i -
cy V'j--'
a t i o n a l  p r i n c i p l e  t h e n  g i v e s  6 ^ = 0  w here  i s  a  q u a d r a t i c  
e x p r e s s i o n  i n  t h e  t a n g e n t i a l  com ponen ts  o f  t h e  e l e c t r i c  
f i e l d s  a t  t h e  s u r f a c e  o f  t h e  f i l m , 0 ^ / 0 )  , ^ j ( d )  e tc *
The c o e f f i c i e n t s  o f  t h i s  e x p r e s s i o n  a r e  t e n s o r  q u a n t i t i e s  
c l o s e l y  r e l a t e d  t o  t h e  s u r f a c e  a d m i t ta n c e  t e n s o r  w h ic h  
o c c u r s  i n  a  s i m i l a r  way f o r  t h e  c a s e  o f  a sem i i n f i n i t e  
medium [ Jo n e s  and S o n d h e im e r ,  1964]* The t e n s o r s  R and  
T r e l a t i n g  t h e  r e f l e c t e d  and  t r a n s m i t t e d  waves t o  t h e  i n -  
c i d e n t  wave can  be e x p r e s s e d  i n  t e rm s  o f  t h e s e  g e n e r a l i s e d  
a d m i t ta n c e  t e n s o r s ,  and t h e  p r o p e r t i e s  o f  t h e  r e f l e c t e d  
and t r a n s m i t t e d  waves can  be o b t a i n e d  from  them . Q(3.6 5 )  
and (3 *66 )J  .
I n  C h a p te r  4  we t r e a t  t h e  c a s e  o f  an  a n i s o t r o p i c
medium w i th  t h e  r e l a t i o n s h i p  b e tw e e n  t h e  c u r r e n t  d e n s i t y
c X .  and t h e  e l e c t r i c  f i e l d  o ,  Nb e in g  l o c a l *  W ith  t h e  u s e  /vCO
o f  a  f i e l d  o f  t h e  same form  a s  t h e  e x a c t  s o l u t i o n ,  w h ich  
i s  a  sum o f  f o u r  e x p o n e n t i a l  t e r m s ,  we show t h a t  i n  t h i s  
ce.se t h e  v a r i a t i o n a l  p r i n c i p l e  i s  e q u i v a l e n t  t o  s o l v i n g  
M a x w e l l 's  e q u a t i o n s .  We t h e n  c o n s i d e r  an  i s o t r o p i c  medium 
and u s i n g  a  sum o f  two e x p o n e n t i a l s
g ( z )  = a e -<rz + ^e~<S(-6~ z \  ( 1 . 2 )
w here  a  = ( £ q_ ^j''e''crd) / ( l - e ~ 2<:rd) ,
p = ( 6 d _ ^ e - ffd) / ( l _ e - 2(5'd ) ,
( 1 . 3 )
we d e r i v e  e x p r e s s i o n s  f o r  t h e ,  t r a n s m i t t i v i t y  and r e f l e c t ­
i v i t y  f o r  b o t h  c a s e s  o f  l o n g i t u d i n a l  and t r a n s v e r s e  p r o -
1 o
p a g a t i o n .  U s in g  a  m odel w i t h  N=10 , m*=0.1m (w here
mQ i s  t h e  e l e c t r o n i c  m ass)  and £ = 1 6 ,  N b e in g  t h e  num ber
o f  e l e c t r o n s  p e r  u n i t  v o lu m e , m* t h e  e f f e c t i v e  m ass and
£  t h e  p e r m i t t i v i t y ,  we c a l c u l a t e  t h e  t r a n s m i t t i v i t y ,  r e f l e e -
t i v i t y  and a b s o r p t i v i t y  f o r  v a r y i n g  f r e q u e n c y ,  m a g n e t ic
f i e l d  and f i l m  t h i c k n e s s .  The r e s u l t s  a r e  d i s c u s s e d  i n
C h a p te r  8 ,  w here we a l s o  c o n s i d e r  t h e  V o ig t  e f f e c t ,  w h ich
i s  t h e  phenomenon o f  r o t a t i o n  o f  t h e  p l a n e  o f  p o l a r i s a t i o n
o f  a  p la n e  wave p a s s i n g  t h r o u g h  t h e  s a m p le ,  and  show t h a t
t h i s  can  be r e l a t e d  i n  o u r  t h e o r y  t o  t h e  t r a n s m i t t i v i t y
t e n s o r  T by  ( 8 .  )„ U s in g  t h e  same m odel a s  above we'Re­
c a l c u l a t e  t h e  V o ig t  r o t a t i o n  w i t h  v a r y i n g  m a g n e t ic  f i e l d ,
p o l a r i s a t i o n  a n g le  and f i l m  t h i c k n e s s .
I n  C h a p te r  5 a  n o n - l o c a l  r e l a t i o n s h i p  b e tw e e n  t h e  
c u r r e n t  d e n s i t y  and t h e  e l e c t r i c  f i e l d  i s  i n t r o d u c e d  by  
a p p ly i n g  t h e  s o l u t i o n  o f  t h e  B o ltzm ann  e q u a t i o n  f o r  t h e  
e l e c t r o n  d i s t r i b u t i o n  f u n c t i o n  o b t a i n e d  by  J o n e s  and  
S o n d h e im er (1 9 6 4 )  t o  t h e  c a s e  o f  a  t h i n  f i l m  o f  t h i c k n e s s  
d .  I t  i s  fo u n d  t h a t  t h e  c u r r e n t  d e n s i t y - f i e l d  r e l a t i o n
i n  r e g i o n s  w i t h i n  a d i s t a n c e  2 r Q ( r  =eB /m*c i s  t h e  c y c l o ­
t r o n  r a d i u s )  from  t h e  s u r f a c e  o f  t h e  f i l m  d e p en d s  on t h e  
num ber o f  e l e c t r o n  o r b i t s  w h ich  make c o l l i s i o n s  w i t h  t h e  
s u r f a c e .  I f  t h e  e l e c t r o n  i s  a  d i s t a n c e  g r e a t e r  t h a n  2 r Q 
from  t h e  s u r f a c e ,  t h a t  i s  from  e a c h  o f  t h e  p l a n e s  z - 0  and  
z=d, nb c o l l i s i o n s  w i th  t h e  s u r f a c e  a r e  p o s s i b l e  and  t h e  
c u r r e n t  d e n s i t y  -  f i e l d  r e l a t i o n s h i p  i s  f r e e  from  te r m s  
a r i s i n g  from  s u r f a c e  e f f e c t s .  I t  i s  assum ed t h a t  a  f r a c t i o n  
p o f  t h e  e l e c t r o n s  a r r i v i n g  a t  t h e  s u r f a c e  a r e  s p e c u l a r l y  
r e f l e c t e d  w h i le  t h e  r e m a in d e r  a r e  s c a t t e r e d  d i f f u s e l y .
I n  C h a p te r  6 we d i s t i n g u i s h  two c a s e s  o f  ( i )  t h e  c y c l o ­
t r o n  d i a m e te r  2 r  i s  l e s s  t h a n  o r  e q u a l  t o  t h e  f i l m  t h i c k n e s so ^
d (d > 2 rQ) and ( i i )  t h e  c y c l o t r o n  d i a m e t e r  i s  g r e a t e r  t h a n
t h e  f i l m  t h i c k n e s s  (d < 2 rQ) ,  I n  p a r t i c u l a r *  we t r e a t  t h e
c a s e  d > 2 r  , We assume a  sum o f  e x p o n e n t i a l s  a s  a  t r i a l  o x
\
f u n c t i o n  t o  r e p r e s e n t  t h e  e l e c t r i c  f i e l d  i n  t h e  m e t a l  o f  
t h e  form
^  -<fT z / £  - o i C d - z ) / ^
v = Oj-e + PLe 11 (1 ,4 .)vo .
f o r  l o n g i t u d i n a l  p r o p a g a t i o n  and
C — G^z f /C  —Cm (  d —Z ) / / £
y  = a Te + 5 ( l » 5 )
, ( 1 , 6 ) 
f o r  t r a n s v e r s e  p r o p a g a t i o n ,  w here  a  and p a r e  d e f i n e d  by  
( 1 , 3 )  w i th  6  r e p l a c e d  by  6 / £ , w here  £ i s  t h e  mean f r e e  
p a t h .  We expand  t h e  e x p o n e n t i a l s  i n  t h e  v a r i a t i o n a l  
i n t e g r a l  i n  pow ers  o f  (c5/CO,c0 w h ich  i s  s m a l l  a t  s u f f i c ­
i e n t l y  h ig h  f r e q u e n c i e s ,  w here  CJ i s  t h e  c y c l o t r o n  f r e ~
f r e q u e n c y  and TT t h e  r e l a x a t i o n  time,* We c o n f i n e  o u r s e l v e s  
t o  q u a s i - f r e e  e l e c t r o n s  w i t h  t h e  m a g n e t ic  f i e l d  B p a r a l l e l  
t o  t h e  s u r f a c e  o f  t h e  f i l m  w h e re ,  f o r  n o rm al  i n c i d e n c e  o f  
t h e  e l e c t r o m a g n e t i c  wave, t h e  h ig h  d e g re e  o f  sym m etry  en ­
a b l e s  u s  t o  s e l e c t  p r i n c i p a l  a x e s  a lo n g  and  p e r p e n d i c u l a r
t o  B and we can  t h u s  t r e a t  t h e  two c a s e s  o f  l o n g i t u d i n a l  ~o
and t r a n s v e r s e  p r o p a g a t i o n  s e p a r a t e l y .  A p p ly in g  t h e  
v a r i a t i o n a l  p r i n c i p l e  i n  t h e  form  o f  e q u a t i o n s  ( 6 .1 2 )  
and  (6 . 1 3 ) we o b t a i n  i n  t h e  f i r s t  a p p ro x im a t io n  e x p r e s s i o n s  
f o r  t h e  g e n e r a l i s e d  a d m i t t a n c e .  I n  t h e  l i m i t  d—700 t h e y  
r e d u c e  t o  t h e  e x p r e s s i o n s  f o r  t h e  s u r f a c e  a d m i t t a n c e  o b t a i n e d  
by  Jo n e s  and S on dhe im er (196*1-) up t o  te rm s  o f  o r d e r  £
(w h ere  £ i s  a  com plex  p a r a m e t e r  w hich  i s  s m a l l  i n  t h e  
e x tre m e  anom alous r e l a x a t i o n  r e g i o n )  f o r  b o t h  c a s e s  o f  l o n g ­
i t u d i n a l  and t r a n s v e r s e  p r o p a g a t i o n .  F o r  s i m p l i c i t y ,  i n  
t h e  f o r e g o i n g  a n a l y s i s ,  t h e - t e r m  a r i s i n g  from  t h e  d i s p l a c e ­
m ent c u r r e n t  i s  n e g l e c t e d .
The c a s e  o f  d ^ 2 r  , w here  more i n t e r e s t i n g  r e s u l t so
may be ex p ec 'te d  t o  o c c u r  i s  t r e a t e d  more e x t e n s i v e l y  i n  
C h a p te r  7° t h i s  c a s e  (66 ./£ )  and  ( t f r  /*£) a r e  o f  t h e
same o r d e r  and a r e  v e r y  s m a l l  a t  s u f f i c i e n t l y  h i g h  f r e ­
q u e n c ie s  and  we expand  t h e  e x p o n e n t i a l s  a s  pow er s e r i e s  
o f  ( t f d /O  and  ( t f r  / /£ ) .  A p p ly in g  t h e  v a r i a t i o n a l  p r i n c i p l e  
i n  t h e  form  o f  (6 . 1 2 ) and (6 . 1 3 ) we o b t a i n  t h e  g e n e r a l i s e d  
a d m i t ta n c e  from  w hich  t h e  r e f l e c t i v i t y  o.nd t h e  t r a n s m i t t i v i t y  
can  be d e te r m in e d .  We assum e d i f f u s e  s c a t t e r i n g  o n ly  
and  u s i n g  t h e  same model a s  i n  t h e  c l a s s i c a l  c a s e  we c a l c u ­
l a t e  t h e  r e f l e c t i v i t y ,  t h e  t r a n s m i t t i v i t y ,  t h e  a b s o r p t i v i t y  
and  a l s o  t h e  V o ig t  r o t a t i o n .  The e f f e c t s  o f  s u r f a c e s  on 
t h e s e  p r o p e r t i e s  com pared w i t h  t h e  c l a s s i c a l  r e s u l t s  a r e  
d i s c u s s e d  i n  C h a p te r  8 .
CHAPTER 2
INTRODUCTION
2 -1  P r u d e ' s  C l a s s i c a l  T h eo ry
D ru d e ' s t h e o r y  was b a s e d  on t h e  a s s u m p t io n  t h a t  m e t a l s  
c o n t a i n  f r e e  e l e c t r o n s  w h ich  e x p e r i e n c e  a  v i s c o u s  dam ping  
f o r c e  a s  a  r e s u l t  o f  c o l l i s i o n s  w i th  t h e  l a t t i c e ,  and  no 
o t h e r  f o r c e s  e x c e p t  t h e  a p p l i e d  f i e l d s . The b a s i c  fo rm u ­
l a e  d e s c r i b i n g  t h e  e s s e n t i a l  f e a t u r e s  o f  t h e  t h e o r y  c an  be 
d e r i v e d  from  t h e  k i n e t i c  e q u a t i o n  o f  m o tio n  o f  t h e  e l e c t r o n s  
[ s e e  f o r  exam ple G iv e n s , (1 9 5 8 )  and  S o k o lo v  ( 1 9 6 7 ) 3 ,  o r  c an  
be d e r i v e d  e n t i r e l y  from  t h e  B o ltzm ann  t r a n s p o r t  e q u a t i o n .
I t  i s  c o n v e n ie n t  f o r  u s  t o  a d o p t  t h e  l a t t e r  a p p ro a c h  s i n c e  
we s h a l l  r e q u i r e  t h e  B o ltzm ann  e q u a t i o n  f o r  f u t u r e  p u r p o s e s .  
F o r  f r e e  e l e c t r o n s i n  t h e  p r e s e n c e  o f  an e l e c t r i c  f i e l d
E ( r )  = E ( r )  exp i ta t  ( 2 . 1 )
and a  m a g n e t i c - f i e l d  B , t h i s  e q u a t i o n  t a k e s  t h e  fo rm
(^ n q + iw )S + X * ff  -  = e$J.TL>-Z- ( 2 - 2 )v />y
The e l e c t r o n  d i s t r i b u t i o n  f u n c t i o n  h a s  b e e n  w r i t t e n  a s
a f  n (S )
f ( k , r )  = f 0 (£ )  + g ( k , r )  exp i6Jt —■— —  , ( 2 . 3 )
f Q(E0 b e in g  t h e  e q u i l i b r i u m  Eerm i f u n c t i o n ;  k  i s  t h e  
wave v e c t o r ,  w (k )  t h e  e n e rg y  f u n c t i o n  and  t h e  v e l o c i t y  v/V ^
i s  g iv e n  by
v  = t t - R f f )  ( 2 . 4 )
and  we have  assum ed Cl t im e  o f  r e l a x a t i o n  -c (k )  [Ziman ( i 9 6 0 )
p . 4 7 2 , 4 7 6 , 4 8 4 j . The fo r m a l  s o l u t i o n ' o f  ( 2 . 2 )  i s  d i s c u s s e d  
i n  C h a p te r  5» W ithJB =0, ( 2 . 2 )  r e d u c e s  t o
+ T . f f  -  e®w( r ) . v .  ( 2 . 5 )
I n  t h e  c l a s s i c a l  a p p r o x im a t io n ,  t h e  se c o n d  te rm  w h ich  
r e p r e s e n t s  t h e  s p a t i a l  v a r i a t i o n  o f  t h e  d i s t r i b u t i o n  f u n c ­
t i o n  i s  n e g l e c t e d .  T h is  te rm  i s  o f  - o r d e r  ( v / vp f p ^  (w here  
Vph i s  t h e  p h a se  v e l o c i t y )  and  i s  s m a l l  com pared  w i t h  60 f o r  
an  e l e c t r o m a g n e t i c  wave f o r  w h ich  v  ^>v [jZdman ( 1 9 6 4 ) ,  p . 239] 
A l t e r n a t i v e l y ,  i t  can  be shown from  t h e  c l a s s i c a l  e x p r e s s i o n  
f o r  t h e  e l e c t r i c  f i e l d  [ R e u te r  and S on dhe im er ( 1 9 4 8 ) ,  p . 3 4 l l  
t h a t
P S  /"v* — iiL...
®r  e f f
1 /2w here &e ££ = b ( l+ iu > t)  and 6 i s  t h e  c l a s s i c a l  s k i n  d e p t h .
The f i r s t  t e rm  i n  ( 2 . 5 )  i s  t h u s  o f  o r d e r  g (l+ (x£c2 ) " ^ 2'c~^
2 2 1 /4and t h e  s e c o n d  o f  o r d e r  v g /6 ( l+ a . r c  ) . Thus t h e  s e c o n d
te rm  i s  n e g l i g i b l e  com pared t o  t h e  f i r s t  i f
“C V
o r
= £ <  6(1+6§C2 ) ^ ^
|  «  ( X + / / c 2 ) 3 A , ( 2 . 6 )
w here  £ i s  t h e  mean f r e e  p a t h  o f  c o n d u c t io n  e l e c t r o n s .
The i n e q u a l i t y  ( 2 . 6 )  i s  v a l i d  a t  v e r y  low and  v e r y  h i g h  
f r e q u e n c i e s  b u t  a t  low t e m p e r a t u r e s ,  w here  £ i s  l a r g e ,  t h e r e  
e x i s t  a  w ide r a n g e  o f  f r e q u e n c i e s  i n  w h ich  ( 2 . 6 )  i s  b y  
no means s a t i s f i e d .  I n  t h e  n e x t  s e c t i o n ,  we d i s c u s s  t h e  
im p o r ta n c e  o f  t h e  r e s u l t s  o b t a i n e d  i n  t h i s  r e g i o n  a l t h o u g h  
we a r e  p r i m a r i l y  c o n c e rn e d  w i t h  t h e  e x tre m e  anom alo us  
r e l a x a t i o n  r e g i o n ,  where i n  f a c t  ( 2 . 6 )  i s  s a t i s f i e d .  We
s h a l l  t h e n  c o n s i d e r  t h e  e f f e c t s  o f  t h e  t e r m s  ( a g / a r )  w h ic h ,  
th o u g h  s m a l l ,  may p l a y  a d o m in a n t  p a r t  i n  c o n t r i b u t i n g  t o  
t h e  a b s o r p t i v i t y .
N e g l e c t i n g  t h e  s e c o n d  t e r m ,  ( 2 . 5 )  r e d u c e s  t o
( ^ j + i U O g  = e E .v , ( 2 . 7 )
The s o l u t i o n  t o  ( 2 . 7 )  i s
e r ( k )  [ v ( k ) .E  (r)"l
/•. v /v vv r * j  OU
s C v  =    [ 1 + T S c C k I I - - - - - (2 . 8 )
The c u r r e n t  d e n s i t y  i s  g iv e n  by
J  =
4-tt3
v ( k ) f ( k ) d k ,' s\ j A* ( 2 . 9 )
w here t h e  i n t e g r a l  i s  o v e r  a l l  k - s p a c e „  S in c e  t h e r e  i s  
no c u r r e n t  when t h e  e l e c t r o n s  a r e  i n  e q u i l i b r i u m  we h av e
! v ( k ) f  ( k ) d k  = 0, (2 . 10)
S u b s t i t u t i n g  ( 2 . 3 )  i n t o  ( 2 . 9 )  w i th  g g iv e n  by  ( 2 . 8 )  and  
u s i n g  ( 2 .1 0 )  we .o b t a i n
2 ! - c ( k ) v ( k )  [ v (k )  .E  ( r ) ]  a fe ^ 'V iXr i** / O ^ i
J  = 3 ! -------------4-71
w h ic h ,  s i n c e  dk = d S d t / ( - |^ - ) , t a k e s  t h e  form
2 P a f
J  = - J U  ( r ” ) a£a s-4-713
-c (k )v (k )C v (fe ) .E w( r ) l jci ^  
l l + i c . * ( k ) . J  d S " (- 2 - 1 1 -)
The i n t e g r a l  w i t h  r e s p e c t  t o  £ can  be e v a l u a t e d  t o  any  
d e s i r e d  o r d e r  u s i n g  t h e  a s y m p to t i c  f o r m u la
;> DOj  ^j?
o <!>(£)(7 ^ ) ^  = <Kp) + 2 S C 2 n (k T )m'A ^ >- ^  ( 2 . 1 2 )
[W ilson  (1 9 5 3 J] * At low t e m p e r a t u r e s ,  we c an  n e g l e c t  
t h e  se c o n d  t e r m ,  t h a t  i s  t o  s a y  - a f o/a £  c an  be r e p l a c e d  
by  a  d e l t a  f u n c t i o n  a t  t h e  F erm i l e v e l . [ Z i m a n  (1 9 6 4 ) ,  
p . 1 8 3 ] o We a r e  t h e n  l e f t  w i t h  an i n t e g r a l  o v e r  t h e  F e rm i 
s u r f a c e
e 2 n = ( k ) v ( k ) [ V ( k ) . % ( £ ) ] _
~ 4*3 I (& y a k ) ! l+ iu c (k ) j  d S - ( 2 . 1 3 )
■The c o n d u c t i v i t y  t e n s o r  i s  d e f i n e d  by
J .  = <?. .E . ( 2 . 1 4 )
1 1 a
and co m p arin g  ( 2 .1 4 )  w i t h  ( 2 .1 3 )  we have  t h e  com ponen ts  
o f  t h e  c o n d u c t i v i t y  as
j2 f t- l  ( '-c (k )v i ( ^ ) v 1(^,)
ff-‘ -• -  e 3  I v(i+n>cij dS’ (2 .15)471“ U
where  we have  u s e d  t h e  r e l a t i o n  ( 2 . 4 )  f o r  v .  From ( 2 . 1 5 )  
t h e  com plex  c o n d u c t i v i t y  f o r  an i s o t r o p i c  medium a ssu m in g  
•c t o  be i n d e p e n d e n t  o f  k  i s  g iv e n  by
= ( t f r + i c 5i )  =
. 1 0 * C2' 1 6 )
^rrzrr, ( 2 . 1 7 )
2 * -1
w here 6  = —
0 47;5
( lV iioc)
vdS i s  t h e  d . c .  c o n d u c t i v i t y  and  6  and
6j_ a r e  t h e  r e a l  and im a g in a r y  p a r t s  o f  c£0. The num ber o f  
e l e c t r o n s  p e r  u n i t  volume i s  g iv e n  by
- 1  f
K (e )  = S k _ | v dS . ( 2 . 1 8 )
H-rPJ
T ailing  r e a l  and im a g in a r y  p a r t s  i n  ( 2 ,1 6 )  we o b t a i n  a  u s e f u l  
form  o f  t h e  w e ll-k n o w n  Drude fo rm u la e
6 = — ^  , ( 2 . 1 9 )
m d + a r r  )
^  , ( 2 ,2 0 )  
m(l+6jTJ )
o r ,  i n  te r m s  o f  t h e  p la s m a  f r e q u e n c y
%  = ( ^ ^ ) 1 / 2 . ( 2 .2 1 )
6.) 2 c
Sp = ----( 2 . 2 2 )
r  4 tc( 1 + ^ )
</0 Oil 2*c2
(T. = - ------- ^ n r *  ( 2 . 2 3 )
4Jr(l+LTr )
The com plex r e f r a c t i v e  i n d e x  T t =  n - i k  i s  r e l a t e d  t o  t h e  
c o n d u c t i v i t y  by  t h e  r e l a t i o n s h i p
T L 2 = 1 -  ( 2 . 2 4 )
( T h is  i s  o b t a i n e d  by  s o l v i n g  M a x w e l l 's  e q u a t i o n s  f o r  t h e  
•fCtld/
e l e c t r i c ^ d e f i n e d  by  ( 2 . 1 )  and  u s i n g  t h e  c l a s s i c a l  d e f i n i t i o n  
o f  t h e  r e f r a c t i v e  in d e x  i n  t e rm s  o f  t h e  p r o p a g a t i o n  c o n s t a n t ,  
L a t e r ,  we f i n d  t h a t  u n d e r  anom alous  s k i n  e f f e c t  c o n d i t i o n  
t h e  c l a s s i c a l  d e f i n i t i o n  o f7 l  i s  no l o n g e r  a d e q u a te  and  
may be r e p l a c e d  by  TC= 47cY/c, w here Y i s  t h e  s u r f a c e  a d m i t ­
t a n c e ) .  From ( 2 .2 4 )
n 2 -  k 2 = 1 + £r<r. ( 2 . 2 5 )lO J-
and 2nk = . ( 2 . 2 6 )U) r
U s in g  ( 2 .2 2 )  and ( 2 .2 3 )  t h e  above can  a l s o  be  w r i t t e n  a s
2nk = U> ^ c / ( i + i $ e 2 ) . ( 2 .2 8 )
T here  a r e  t h r e e  f r e q u e n c y  r e g i o n s  w h ich  i l l u s t r a t e  t h e  
i n t e r e s t i n g  f e a t u r e s  o f  t h e  t h e o r y ,
( i )  Low f r e q u e n c y  ( w c < l )  . The r e a l  and im a g in a r y  p a r t s
o  p  p
o f T l  a r e  g iv e n  by  I-(L V tj) and (u>-c/L>c) r e s p e c t i v e l y ,
!P 3?
Thus t h e  r e a l  p a r t  i s  n e g a t i v e  and  much s m a l l e r  t h a n  t h e  
im a g in a r y  p a r t  -  t h e r e  i s  s t r o n g  r e f l e c t i o n .  The r e f l e c ­
t i o n  c o e f f i c i e n t  i s  g iv e n  by
l-T L
1+Tt
2 f ■, \ 2 i 2_ ( n - 1 )  +k
( n + l ) 2+k2
( 2 . 2 9 )
The c l a s s i c a l  s k i n  e f f e c t  i s  g iv e n  by
2 to5" 1 / 2
n  = k  = ( - ^ )  , ( 2 . 3 0 )
and  e x p a n d in g  ( 2 .2 9 )  b i n o m i a l l y  we o b t a i n
R ~  1 _ ( | )  f o r  n = k » l
o r  R 1 -  2 ( 2 ^ ) 1 / 2 , ( 2 . 3 1 )
o
s u b s t i t u t i n g  from  ( 2 . 3 0 ) •  ( 2 .3 1 )  i s  t h e  w e l l-k n o w n  Hagen-
Rubens r e l a t i o n .
( i i )  H igh f r e q u e n c y  r e l a x a t i o n  r e g i o n  (K W c < ^ L lc ) .  The
Jr
2r e a l  p a r t  o f  YC i s  g r e a t e r  t h a n  t h e  im a g in a r y  p a r t  b u t  
s t i l l  n e g a t i v e  and t h e r e  i s  s t i l l  s t r o n g  r e f l e c t i o n  w i t h
( i i i )  The p la s m a  f r e q u e n c y  r e g i o n  (60»tO)„ The r e a l
Pp
p a r t  o f  TL i s  p o s i t i v e  and t h e  r e f l e c t i v i t y  r e d u c e s  t o  
z e ro  and t h e  m e ta l  becom es t r a n s p a r e n t *
F o r  a  p e r f e c t  m e ta l  t h e  mean f r e e  p a t h  and  h e n c e  t h e  
r e l a x a t i o n  t im e  a r e  i n f i n i t e  and  t h u s  from  (2 * 2 8 )
nk = Oo (2 * 3 3 )
A l t e r n a t i v e l y  i t  can  be a rg u e d  t h a t  [G ivens (1 958)1  f o r  a  
r e a l  m e ta l  a t  h ig h  f r e q u e n c i e s  t h e  num ber o f  c o l l i s i o n s  p e r  
u n i t  t im e  i s  s m a l l  com pared w i th  t h e  f r e q u e n c y  and  a  n e g l i ­
g i b l e  amount o f  e n e rg y  i s  a b s o r b e d  by  t h e  e l e c t r o n s  w h ich  
r e s u l t s  i n  an a lm o s t  z e ro  c o n d u c t i v i t y  w h ich  g i v e s  t h e  c o n ­
d i t i o n  ( 2 * 3 3 ) ,  from  w h ic h ,  e i t h e r  k=0 o r  n= 0 . I n  t h e
p
fo rm e r  c a s e  i t  i s  e a s i l y  s e e n  from  ( 2 . 2 7 ) t h a t T C  i s  e i t h e r  
p o s i t i v e  ( t r a n s p a r e n c y )  o r  n e g a t i v e  ( t o t a l  r e f l e c t i o n )
p
a c c o r d in g  t o  w h e th e r  (U3/£o) i s  l e s s  t h a n  o r  g r e a t e r  t h a n  
u n i t y .  Thus f o r  a  p e r f e c t  m e ta l  o r  f o r  a  r e a l  m e t a l  a t  
h i g h  f r e q u e n c i e s  t h e r e  e x i s t s  a  c r i t i c a l  f r e q u e n c y  g iv e n  
by  £0 = 63 above w h ich  t h e  m e ta l  i s  t r a n s p a r e n t  and b e low  
w hich  i t  i s  c o m p le te ly  r e f l e c t i n g *  I t  i s  i n t e r e s t i n g  t o  
n o t e  t h a t  t o t a l  r e f l e c t i o n  o c c u r s  f o r  a l l  a n g le s  o f  i n c i ­
d ence  i n c l u d i n g  n o rm al in c id e n c e *  The above m odel s e r v e d  
a s  a b a s i s  f o r  t h e  e x p l a n a t i o n  o f  t h e  r e m a r k a b le  p r o p e r t i e s  
o f  t h e  a l k a l i  m e t a l s  d i s c o v e r e d  e x p e r i m e n t a l l y  by  Wood ( 1 9 3 3 ) ,  
t h a t  t h e y  a r e  h i g h l y  a b s o r p t i v e  i n  t h e  v i s i b l e  p a r t  o f  t h e  
sp e c t ru m  and t r a n s p a r e n t  i n  t h e  u l t r a v i o l e t  and t h a t  t h e  
low f r e q u e n c y  edge o f  t h e  t r a n s p a r e n t  r e g i o n  s h i f t s  to w a rd s  
t h e  r e d  w i th  i n c r e a s i n g  a to m ic  num ber. E x p e r im e n ts  on 
t h i n  m e ta l  f i l m s  o f  Gs, Pb , K, Na, L i  [ S e i t z  (194-0)] h av e  
b e e n  p e r fo rm e d  and a g re e m e n t  w i t h  t h e  c o n d i t i o n  t h a t (0 = CO 
i s  f a i r ,  and e x c e l l e n t  i n  t h e  c a s e  o f  sodium*
I n  t h e  n e x t  s e c t i o n  o f  t h i s  c h a p t e r  we d i s c u s s  t h e  
b reakdow n o f  D r u d e 's  t h e o r y  and i n t r o d u c e  t h e  anom alous  
s k i n  e f f e c t *  I n  C h a p te r  8 we compare t h e  p r e d i c t i o n s  o f  
D ru d e ’ s t h e o r y  d i s c u s s e d  e a r l i e r  w i t h  some o f  o u r  r e s u l t s  
o b t a i n e d  i n  t h e  c l a s s i c a l  l i m i t *
2*2 The Anomalous S k in  E f f e c t
I t  i s  c l e a r  from  t h e  H agen-Rubens r e l a t i o n  (2 * 3 1 )  
t h a t ,  a t  low t e m p e r a t u r e s  when <JQ i s  l a r g e ,  a l l  m e t a l s  
s h o u ld  have  a  v e r y  h ig h  r e f l e c t i v i t y .  However, e x p e r i ­
m en ts  a t  low t e m p e r a t u r e s  and  m icrow ave f r e q u e n c i e s  [London 
(194-0); P ip p a r d  ( 1 9 4 - 7 194-7b, 194-9,1950)] showed a  l e v e l l i n g  
o f f  o f  t h e  r e f l e c t i v i t y  a s  t h e  t e m p e r a t u r e  was r e d u c e d .  
London was t h e  f i r s t  t o  p o i n t  o u t  t h i s  d i s c r e p a n c y  b e tw e e n  
t h e o r y  and e x p e r im e n t  and c o r r e c t l y  s u g g e s t e d  t h a t  i t  
was due t o  t h e  mean f r e e  p a t h  o f  c o n d u c t io n  e l e c t r o n s  
becom ing  v e ry  l a r g e  com pared  w i th  t h e  c l a s s i c a l  s k i n  d e p th  
a t  low t e m p e r a tu r e s *  T h is  d e p a r t u r e  from  t h e  n o rm a l  
t h e o r y  o f  t h e  s k i n  e f f e c t ,  now f i r m l y  e s t a b l i s h e d  a s  t h e  
anom alous s k i n  e f f e c t ,  i n d i c a t e s  t h e  n e c e s s i t y  o f  a  m odi­
f i c a t i o n  o f  D r u d e 's  t h e o r y  p r e s e n t e d  e a r l i e r *
S in c e  t h e  mean f r e e  p a t h  i s  v e r y  l a r g e  t h e  e l e c t r o n  
w i l l  move t h r o u g h  r e g i o n s  o f  d i f f e r e n t  e l e c t r i c  f i e l d  
d u r i n g  one mean f r e e  p a t h ,  and  i t s  d r i f t  v e l o c i t y  w i l l  be  
a  f u n c t i o n  o f  t h e  e l e c t r i c  f i e l d  s t r e n g t h  a t  a l l  p o i n t s  
a lo n g  i t s  p a t h ;  t h e  p o i n t  r e l a t i o n s h i p  b e tw e e n  c u r r e n t  
d e n s i t y  and t h e  e l e c t r i c  f i e l d  (2* 14-) i s  v i o l a t e d  and  a  n o n ­
l o c a l  r e l a t i o n s h i p  e x i s t s *  The s e c o n d  te rm  i n  (2 * 5 )  i s  
no l o n g e r  n e g l i g i b l e .  T h is  e f f e c t  was i n v e s t i g a t e d  b o t h  
e x p e r i m e n t a l l y  and t h e o r e t i c a l l y  by  P i p p a r d  (1954-). He
b a s e d  h i s  p h y s i c a l  a rg u m e n ts  on t h e  ' i n e f f e c t i v e n e s s  
c o n c e p t '  -  n am e ly ,  t h a t  o n ly  t h o s e  e l e c t r o n s  w h ich  a r e  
r u n n in g  i n s i d e  t h e  s k i n  d e p th  d u r i n g  one mean f r e e  p a t h  a r e  
c a p a b le  o f  c o n t r i b u t i n g  t o  t h e  c u r r e n t .  T h is  m ig h t  i n d i ­
c a t e  t h a t  t h e  e l e c t r o n s  r u n n in g  n e a r l y  p a r a l l e l  t o  t h e  
s u r f a c e  a r e  more l i k e l y  t o  e x p e r i e n c e  s p e c u l a r  r e f l e c t i o n  
( c o m p le te  r e v e r s a l  o f  v e l o c i t y  com ponent n o rm a l t o  t h e  
s u r f a c e )  a t  t h e  s u r f a c e  s i n c e  t h e y  have  o n ly  a  s m a l l  wave 
v e c t o r  com ponent i n  t h e  n o rm a l  d i r e c t i o n .  On t h e  o t h e r  
h an d  t h e s e  s o - c a l l e d  ' e f f e c t i v e '  e l e c t r o n s  move i n  su c h  
a  n a r ro w  s o l i d  a n g le  t h a t  i t  r e q u i r e s  s c a t t e r i n g  t h r o u g h  
o n ly  v e r y  s m a l l  a n g le s  t o  remove them  from  t h e  d i s t r i ­
b u t i o n ,  an e f f e c t  w h i c h r i s  e q u i v a l e n t  t o  d i f f u s e  s c a t t e r i n g  
( c o m p le te  l o s s  o f  d r i f t  v e l o c i t y ) .
The q u a n t i t a t i v e  t h e o r y  o f  t h e  anom alous s k i n  e f f e c t  
f o r  t h e  f r e e - e l e c t r o n  m e ta l  was w orked  o u t  by  R e u te r  and  
S o n dh e im er ( 1 9 4 8 ) ,  b a s e d  on an e x a c t  s o l u t i o n  o f  t h e  i n t e g r o  
d i f f e r e n t i a l  e q u a t io n  s a t i s f i e d  by  t h e  e l e c t r i c  f i e l d  i n s i d e  
t h e  m e t a l .  To d i s c u s s  t h i s  b r i e f l y  we r e t u r n  t o  e q u a t i o n  
(2 .5 )®  The s o l u t i o n ,  r e t a i n i n g  a l l  t h e  t e r m s  i n  ( 2 . 5 ) ,  
i s  o f  t h e  form
g ( v , r )  = —°  ‘-x.' ’ rw \r v . E ( r , ) e “ s ' / / d s ' , ( 2 . 3 4 )
w here  t h e  i n t e g r a l  i s  n o t  o v e r  a l l  s p a c e ,  b u t  o v e r  s '  b a c k  
a lo n g  t h e  p a t h  t h r o u g h  r^ i n  t h e  d i r e c t i o n  o f  v  [Ziman (1 9 8 4 )  
p . 2 4 2 ] .  T h is  t o g e t h e r  w i t h  ( 2 . 9 )  and M a x w e l l 's  e q u a t i o n s  
g i v e s  an i n t e g r o - d i f f e r e n t i a l  e q u a t i o n .  A d i m e n s i o n l e s s  
form  o f  t h i s  i s
me i d-GD
+ ( l - p )  KC5-5* )d5*|,
, 0 j
w here £ = z /^*  F o l lo w in g  R e u te r  and S on dhe im er i t  h a s  
b e e n  assum ed t h a t  a  f r a c t i o n  p o f  t h e  e l e c t r o n s  r e a c h i n g
t h e  s u r f a c e  i s  r e f l e c t e d  s p e c u l a r l y  w h i l e / r e m a i n i n g  e l e c ­
t r o n s  a r e  s c a t t e r e d  d i f f u s e l y • The e x a c t  s o l u t i o n  o f
(2 * 3 5 )  k a s  b e e n  o b t a i n e d  by  R e u te r  and S on dhe im er (194-8) 
f o r  b o th  p=0 and p = l  w i t h  t h e  a i d  o f  t h e  t h e o r y  o f  F o u r i e r  
i n t e g r a l s *  The s o l u t i o n  ' i n d i c a t e s - t h a t  t h e  e l e c t r i c  f i e l d  
i s  no l o n g e r  a  s im p le  e x p o n e n t i a l  b u t  t a k e s  some c o m p l i ­
c a t e d  form* The f i e l d  c an  be a p p ro x im a te d  t o  an  e x p o -  
n e t  i a l  n e a r  t h e  s u r f a c e  o n ly  b u t  a t  l a r g e  d i s t a n c e s  away, 
t h e  a s y m p to t i c  form  o f  t h e  f i e l d  i s  g iv e n  by
T h e re  i s  t h u s  a lo n g  t a i l  o f  s m a l l  a m p l i tu d e  e x t e n d in g  
i n t o  t h e  m e ta l  t o  a d i s t a n c e  o f  o r d e r  o f  t h e  mean f r e e  
p a t h .  B ecause  o f  t h i s  c o m p l i c a te d  form  o f  t h e  f i e l d  
s t r e n g t h  t h e  c l a s s i c a l  r e p r e s e n t a t i o n  i n v o l v i n g  t h e  com plex  
in d e x  o f  r e f r a c t i o n  d e f i n e d  by  (2*24-) i s  no l o n g e r  p h y s i ­
c a l l y  s i g n i f i c a n t *  I n s t e a d  a l l  m ea su re d  q u a n t i t i e s  a r e  
now e x p r e s s e d  i n  te rm s  o f  t h e  s u r f a c e  im podence w h ich  i s  
d e f i n e d  as
t h e
-z //£
( 2 . 36)
Z(M) ^•TciuE( z ) ( 2 . 3 7 )
z=0
U s in g  t h i s  d e f i n i t i o n  o f  Z and a p p ly in g  b o u n d a ry  c o n d i t i o n s
a t  t h e  s u r f a c e  t h e  r e f l e c t i o n  c o e f f i c i e n t  i s  o b t a i n e d  a s
4-ti/c -  Z 2 
47*:/c  V Z ( 2 . 3 8 )
C om paring ( 2 .3 8 )  w i th  ( 2 . 2 9 )  we can  d e f i n e
( 2 . 3 9 )
w here  Y = Z'
The new t h e o r y ,  w h ich  was f u r t h e r  d e v e lo p e d  by  Chambers 
(1 9 5 2 )  and D in g le  (1 9 5 3 s . ,b , c ,d )  , p r e d i c t s  a  h i g h e r  v a lu e  
o f  t h e  a b s o r p t i v i t y ,  i n  f a c t ,  a lm o s t  tw ic e  a s  much a s  t h e  
o l d  v a l u e ,  b u t  t h e  r e s u l t s  f o r  t h e  t r a n s m i t t i v i t y  show l i t t l e  
d i f f e r e n c e .  The v a lu e  o f  n  i s  a lm o s t  d o u b le d  b u t  k  i s  
e s s e n t i a l l y  t h e  same and c o n s e q u e n t ly  t h e  c o n d i t i o n  ( 2 . 3 0 ) 
i s  no l o n g e r  v a l i d .
T h ere  i s  a  g r e a t  d e a l  o f  l i t e r a t u r e  on t h e  anom alous  
s k i n  e f f e c t  and i t s  u s e f u l n e s s  i n  u n r a v e l l i n g  t h e  e l e c t r o n i c  
s t r u c t u r e s  o f  m e t a l s  f s e e  f o r  exam ple P i p p a r d  (1961)1  .
F o r  o u r  p u r p o s e s  i t  i s  s u f f i c i e n t  t h a t  we have  d e s c r i b e d  
t h e  e s s e n t i a l  f e a t u r e s  o f  t h e  anom alous s k i n  e f f e c t  and  
d ed u ced  e q u a t i o n s  m ost u s e f u l  f o r  t h e  d e v e lo p m e n t  o f  o u r  
p r e s e n t  w ork . I n  t h e  n e x t  s e c t i o n  we d i s c u s s  t h e  e f f e c t  
o f  an a p p l i e d  m a g n e t ic  f i e l d  u n d e r  anom alous s k i n  e f f e c t  
c o n d i t i o n s .
2 .3  C y c lo t r o n  R esonance
Under anom alous s k i n  e f f e c t  c o n d i t i o n s  e n h a n c e d  p e n e ­
t r a t i o n  o f  t h e  c u r r e n t s  i n t o  t h e  b u lk  o f  t h e  m e ta l  c a n  be  
p ro d u c e d  by a p p ly in g  a m a g n e t ic  f i e l d ,  w h ich  c a u s e s  t h e  
' e f f e c t i v e '  e l e c t r o n s  t o  s p i r a l  a lo n g  h e l i c a l  o r b i t s  i n t o
t h e  m e ta lo  I n  t h i s  c a s e  t h e  s o l u t i o n  t o  e q u a t i o n  ( 2 „ 2 )  
i s  more l a b o r i o u s  t o  o b t a i n  t h a n  f o r  t h e  c a s e  o f  z e ro  
m a g n e t ic  f i e l d ,  and we l e a v e  t h e  d e t a i l s  o f  i t s  d e r i v a t i o n  
t o  C h a p te r  5° F o r  o u r  p r e s e n t . p u r p o s e s  we m ere ly , q u o te  
from  t h e  r e s u l t s  o b t a i n e d  t h e r e 0 I g n o r i n g  s u r f a c e  e f f e c t s
t h e  s o l u t i o n  t o  ( 2 . 2 )  i s  g iv e n  by
g(r,4) = (A ( e 2nY- l )
■, ( 2 . 4 0 )
m
w here  v  i s  t h e  t r a n s p o s e  o f  v  and Y = ( 1+i a ' c ) / 6h ‘ <p i s/V /N_» O
one o f  a s e t  o f  p o l a r  c o o r d i n a t e s  ( v ;©;<!>) su c h  t h a t  v  = v n ,  
w here  t h e  com ponen ts  o f  n  a r e
n- cos©,
n 2  -  sin0cos<|>, 
n^ = s in 6 s in c l) ,
r e f e r r e d  t o  a  r i g h t - h a n d e d  s e t  o f  a x e s  w i t h  r e s p e c t  t o  w h ich  
t h e  m a g n e t ic  f i e l d  Bq = ( B ^ , 0 , 0 ) .  Then
J L
10}^
, 4>0•E(r)d<|>1
4> ( e 2llY- l )
1 1rT rv7“r"V « CrxLi, (JdQ^ ( 2 . 4 1 )
w i th
G(W, U) ) o '
0
0
1+Y
1+Y
( 2 . 4 2 )
The c u r r e n t  d e n s i t y  i s  o b t a i n e d  from  ( 2 .1 1 )  a s
From s i m i l a r  a rg u m e n ts  f o r  ( 2 . 1 5 ) ,  we o b t a i n  t h e  conduc. 
t i v i t y  t e n s o r  a s
tr.jCw . t$ ) rna)(
Ne‘
-G
mu6
1
Y
0
0
1+Y
-1
1+Y
• \
p
1+Y
Y
1+Y2/
/
( 2 .4 4 )
W r i t in g  <f. . i n  t e rm s  o f  i t s  com ponen ts  as
<$.11
0
we dedu ce  im m e d ia te ly  t h a t
0 0 \
^22 *23
\ 0  * 3 2  *33
( 2 .4 5 )
35
^23
IX
= <S,22
= -if.
32 ~
Ne2 1
mco ° Y ° o
Ne
moo
Ne
o (l+Y ) 
2 1
mu>i  ( i+ y  )
( 2 . 4 6 )
( 2 . 4 7 )
( 2 .4 8 )
We n o te  t h a t  -  0^ , t h e  r a d i o f r e q u e n c y  c o n d u c t i v i t y  i n  
t h e  a b se n c e  o f  B d e f i n e d  by  e q u a t i o n  ( 2 .1 7 ) «
/vO
I t  i s  c o n v e n ie n t  f o r  p u r p o s e s  o f  a n a l y s i s  t o  d i a g o n -  
a l i s e  ( 2 .4 5 )  "by t h e  t r a n s f o r m a t i o n
4 i
l <
V>
J J- iV 2 ,
v_ -  v 3 ~ iV 2>
=  V1 ( 2 . 4 9 )
and  t h e n  we have
J + +
( 2 , 5 0 )
w here
J
( 2 . 5 1 )
S u b s t i t u t i n g  from  ( 2 .4 6 )  and ( 2 .4 7 )  i n  ( 2 . 5 1 )  we o b t a i n
<r+ = . (2.52)
m [1 + (OJq±0$) n  j
From ( 2 . 5 2 ) ,  ( 2 ,2 9 )  and ( 2 ,2 4 )  we se e  t h a t  when 60 = +LJ 
we can  have  r e s o n a n t  a b s o r p t i o n  o r  t h e  sy s te m  i s  s a i d  t o  
e x h i b i t  c y c l o t r o n  r e s o n a n c e  f o r  p r o p a g a t i o n  a lo n g  t h e  f i e l d  
d i r e c t i o n ,  F o r  m e t a l s ,  i n  o r d e r  t o  r e s o l v e  t h e  r e s o n a n t  
l i n e ,  v e r y  h ig h  f r e q u e n c i e s  a r e  n e e d e d  and c o n s e q u e n t ly  t h e  
s k i n  d e p th  i s  v e r y  s m a l l .  We a re  t h u s  u n d e r  anom alous  
s k i n  e f f e c t  c o n d i t i o n s .  However, we o n ly  e x p e c t  a  v e r y  
weak e f f e c t  s i n c e  m ost o f  t h e  e l e c t r o n s  w i l l  l e a v e  t h e  s k i n  
d e p th  b e f o r e  t h e y  c o n t r i b u t e  a p p r e c i a b l y  t o  t h e  r e s o n a n c e ,  
A zbel and K aner (195 6 )  w ere t h e  f i r s t  t o  p r e d i c t  t h a t  w e l l -  
d e f i n e d  r e s o n a n c e  i s  p o s s i b l e  when t h e  m a g n e t ic  f i e l d  i s  
p a r a l l e l  t o  t h e  s u r f a c e  o f  t h e  sp e c im e n .  I f  a t  e a c h  r e v o ­
l u t i o n  t h e  e l e c t r o n  r e t u r n i n g  t o  t h e  s k i n  l a y e r  i s  i n  p h a s e  
w i th  t h e  e l e c t r i c  f i e l d  t h e r e  t h e n  i t  w i l l  g a in  e n e r g y  from  
t h e  l a t t e r  and a  r e s o n a n c e  w i l l  be o b s e r v e d .  I n  t h i s  
g e o m e try ,  i n  a d d i t i o n  :t o  t h e  fu n d a m e n ta l  r e s o n a n c e  60 -  60^  
s i m i l a r  p h a se  c o h e re n c e  e x i s t s  f o r  0^ = n to  w here  n  i s  an
i n t e g e r .
A z b e l-K a n e r  c y c l o t r o n  r e s i n a n c e  was f i r s t  o b s e r v e d  i n  
t i n  and c o p p e r  by  F a w c e t t  (1 9 5 6 )  b u t  t h e  f i r s t  w e l l -
d e v e lo p e d  su b h a rm o n ic s  w ere  r e p o r t e d  i n  t i n  by  K ip , :  
L a n g e n b e rg ,  Rosenblum  and  Wagoner (1957)»  W alsh (1 9 6 8 )  
g i v e s  an i n t e n s i v e  s u r v e y  o f  c y c l o t r o n  r e s o n a n c e  s t u d i e s  
i n  v a r i o u s  m e t a l s  and v e r y  r e c e n t l y  i t  h a s  b e en  o b s e r v e d  
by  D ixon and D a ta r s  (1 9 6 8 )  i n  m e rc u ry .  However, a  s a t i s ­
f a c t o r y  m a th e m a t i c a l  t h e o r y  i s  l a c k i n g  a s  no g e n e r a l  s o l u ­
t i o n  t o  t h e  b o u n d a r y - v a lu e  p ro b lem  f o r  an a r b i t r a r y  F e rm i 
s u r f a c e  i n  a  m a g n e t ic  f i e l d  e x i s t s ,  A z b e l-K a n e r  c y c l o t r o n  
r e s o n a n c e  h a s  g r e a t  g e n e r a l i t y  and p r o v e s  t o  be an i m p o r t a n t  
t o o l  f o r  i n v e s t i g a t i n g  d e t a i l s  o f  t h e  Ferm i s u r f a c e  when 
t h e  g e n e r a l  t o p o lo g y  o f  t h i s  i s  a l r e a d y  known. I t  i s  how­
e v e r  n o t  p a r t i c u l a r l y  u s e f u l  a s  a  p r im a r y  means f o r  s t u d y i n g  
m e t a l s  w i th  s u r f a c e s  o f  unknown to p o lo g y ,
The i n c l u s i o n  o f  s u r f a c e  e f f e c t s  i n  t h e  above a n a l y s i s  
m e re ly  i n v o l v e s  a d d in g  an e x t r a  te rm  t o  t h e  s o ^ l u t i o n  o f  
( 2 , 2 )  g iv e n  by  (2 ,4 -0 ) ,  T h is  i s  c o n s i d e r e d  i n  C h a p te r  5 
and  d o es  n o t  i n v a l i d a t e  t h e  p r e v i o u s  a rg u m e n t.  C y c lo t r o n  
r e s o n a n c e  i s  a  p u r e l y  s u r f a c e  ' e f f e c t .  I n  t h e  n e x t  s e c t i o n  
we c o n s i d e r  b o th  s i z e  and  s u r f a c e  e f f e c t s  and d i s c u s s  t h e  
G antm akher e f f e c t ,
2 , 4  S iz e  E f f e c t s  and t h e  G antm akher E f f e c t
A d i f f e r e n t  ty p e  o f  r e s o n a n c e  t o  t h e  A z b e l-K a n e r  r e s o n ­
ance  can  o c c u r  when t h e  r a d i a t i o n  w hich  p e n e t r a t e s  t h e  
m e ta l  i s  n o t  e n t i r e l y  c o n f i n e d  t o  t h e  s u r f a c e  r e g i o n  b u t  
a c t u a l l y  p r o p a g a t e s  deep  i n t o  t h e  b u lk  o f  t h e  m e t a l  su c h  
t h a t  t h e  p e n e t r a t i n g  f i e l d s  may r e a c h  t h e  o p p o s i t e  s u r f a c e  
o f  t h e  sam ple  and be d e t e c t e d  t h e r e ,  A m ost i m p o r t a n t  
a s p e c t  o f  t h i s  r e s o n a n c e  i s  t h e  r a d i o f r e q u e n c y  s i z e  e f f e c t  
d i s c o v e r e d  by G antm akher ( 1 9 6 2 ) ,  B e fo re  d i s c u s s i n g  t h e
G antm akher e f f e c t  we n e e d  t o  i n t r o d u c e  t h e  c o n c e p t  o f  
s i z e  e f f e c t s .  By s i z e  e f f e c t s  we mean t h e  d e v i a t i o n s  from  
b u l k  b e h a v io u r  t h a t  o c c u r  when t h e  sam ple  d im e n s io n s  become 
c o m p a rab le  w i th  t h e  mean f r e e  p a t h  o f  t h e  e l e c t r o n s .  So 
f a r ,  o u r  s o l u t i o n s  t o  t h e  B o ltzm ann  t r a n s p o r t  e q u a t i o n  h av e  
l e d  t o  t h e  r e s u l t  t h a t  t h e  c o n d u c t i v i t y  i s  i n d e p e n d e n t  o f  
t h e  s i z e  and sh a p e  o f  t h e  sp e c im e n .  T h is  a s s u m p t io n  i s  
o n ly  v a l i d  when t h e  d im e n s io n s  o f  t h e  sp e c im en  e x c e e d  t h e  
mean f r e e  p a t h  and i s  t h e r e f o r e  n o t  a p p l i c a b l e  t o  c o n d u c t io n  
i n  t h i n  sp e c im e n s  a t  low  t e m p e r a t u r e s  when t h e  mean f r e e  
p a t h  i s  l a r g e  com pared w i th  t h e i r  d im e n s io n s .  S c a t t e r i n g  
a t  t h e  s u r f a c e  w i l l  p l a y  an  e s s e n t i a l  p a r t  i n  t h e  c o n d u c t io n  
m echan ism . The f i r s t  r i g o r o u s  t h e o r e t i c a l  t r e a t m e n t  o f  
s i z e  e f f e c t s  i n  d i r e c t  c u r r e n t  c o n d u c t i v i t y  f o r  z e r o  m a g n e t ic  
f i e l d  was g iv e n  by  Fuchs (1 9 3 8 )  f o r  t h i n  f i l m s  and D in g le
(1 9 5 9 )  f o r  t h i n  w i r e s  b j  s o l v i n g  t h e  B o ltzm an n  e q u a t i o n  w i t h  
a p p r o p r i a t e  b o u n d a ry  c o n d i t i o n s .
I n  t h e  p r e s e n c e  o f  a  m a g n e t ic  f i e l d  t h e  e l e c t r o n s  move 
i n  h e l i c a l  o r b i t s  whose a x e s  a r e  p a r a l l e l  t o  t h e  m a g n e t i c  
f i e l d .  S u f f i c i e n t l y  l a r g e  f i e l d s  r e d u c e  t h e  o r b i t a l  r a d i u s  
o f  t h e  e l e c t r o n  and t h u s  r e d u c e  t h e  p o s s i b i l i t y  o f  c o l l i ­
s i o n s  w i th  t h e  s u r f a c e  and c o n s e q u e n t ly  t h e  r e s i s t i v i t y  
i s  r e d u c e d ,  n e g l e c t i n g  b u lk  m a g n e t o r e s i s t a n c e , T h e o r e t i c a l
t r e a t m e n t  o f  t h i s  h a s  b e e n  g iv e n  by S o n dh e im er ( 1 9 5 2 ) ,  
MacDonald and S a r g in s o n  ( 1 9 5 0 ) ,  IC oen igsberg  (1953)>  A z b e l  
(1954-) f o r  t h i n  f i l m s  and  Chambers (1 9 5 0 )  f o r  t h i n  w i r e s .
F o r  t r a n s v e r s e  m a g n e t ic  f i e l d s  a  r e s i s t i v i t y  r e d u c t i o n  i s  
a l s o  o b s e rv e d  b u t  i n  i b i s  c a s e  t h e  com ponent o f  v e l o c i t y  
p a r a l l e l  t o  t h e  m a g n e t ic  f i e l d  i s  u n a l t e r e d  so  t h a t  some 
c o l l i s i o n s  w i th  t h e  s u r f a c e  s t i l l  t a k e  p l a c e  and t h u s  t h e  
r e s i s t i v i t y  d o e s  n o t  t e n d  t o  t h e  b u lk  v a lu e  a s  i n  t h e
l o n g i t u d i n a l  c a s e .  The b e h a v io u r  o f  t h i n  f i l m s  i n  t h i s  
c a s e  h a s  b e en  t r e a t e d  by  S o ndh e im er (1 9 5 0 )  who p r e d i c t e d  
t h a t  t h e  e l e c t r i c a l  r e s i s t a n c e  s h o u ld  be an  o s c i l l a t o r y  
f u n c t i o n  o f  t h e  m a g n e t ic  f i e l d  ( t h e  S ond he im er o s c i l l a t i o n s )  
Such  o s c i l l a t i o n s  were f i r s t  o b s e r v e d  by  B a b i s k in  and 
S iebenm ann  (1 9 5 7 )  i n  sodium  w i r e s  and r e c e n t l y  by  F o r s v o l l  
and  Holwech (1 9 6 4 )  i n  a lum in ium  and  in d iu m  f i l m s  and  by  
C o t t i  (1 9 6 1 )  i n  ind ium  f i l m s .  T hese  o s c i l l a t i o n s  have  
b e e n  e x p la in e d  by Chambers (1 9 5 0 )  a s  b e in g  due t o  f l u c t u ­
a t i o n s  i n  t h e  e l e c t r o n  v e l o c i t i e s  w h ich  g iv e  r i s e  t o  p e r i ­
o d ic  f l u c t u a t i o n s  i n  t h e  d i s t r i b u t i o n  f u n c t i o n  w i t h  t h e  d i s t  
an ce  from  t h e  s u r f a c e .
I n  t h e  c a s e  o f  r a d i o f r e q u e n c i e s  t h e  s k i n  d e p th  i s  
su c h  a  s m a l l  p a r a m e te r  t h a t  more p ro n o u n c e d  s i z e  e f f e c t s  
a r e  e x p e r i e n c e d ,  K aner (1 9 5 8 )  was t h e  f i r s t  t o  c o n s i d e r  
p o s s i b l e  e f f e c t s  o f  t h e  A z b e l-K a n e r  c y c l o t r o n  r e s o n a n c e  
i n  t h i n  sp e c im e n s  and p o i n t e d  o u t  t h a t  w i th  d e c r e a s i n g  ma 
m a g n e t ic  f i e l d s  t h e  i n c r e a s i n g  o r b i t a l  r a d i u s  o f  r e s o n a n t  
e l e c t r o n s  w ould  r e a c h  a  c r i t i c a l  v a lu e  su c h  t h a t  c o l l i s i o n s  
w i th  t h e  s u r f a c e  would r e s u l t ,  p r o d u c in g  a  d i s c o n t i n u i t y  
i n  t h e  r e s o n a n c e  s p e c t ru m .  T h is  r e s o n a n c e  c u t - o f f  was 
f i r s t  o b s e rv e d  by  K a ik h in  (1 9 6 1 )  i n  t i n  s a m p le s .  H ow ever, 
t h i s  c u t - o f f  i s  v e r y  d i f f i c u l t  t o  o b s e r v e .  F o r  t h e  c u t ­
o f f  t o  be  w e l l - d e f i n e d  t h e  c o n d i t i o n  (£@>1 m ust be  s a t i s ­
f i e d  and e x t r e m e ly  h ig h  q u a l i t y  sa m p le s  a r e  r e q u i r e d .
The G antm akher e f f e c t  o r  r a d i o f r e q u e n c y  s i z e  e f f e c t ,  
w h ich  i s  a  n o n - r e s o n a n t  s i z e  e f f e c t  o c c u r s  a t  m a g n e t ic  
f i e l d  s t r e n g t h s  su c h  t h a t  t h e  o r b i t a l  d i a m e t e r  o f  t h e  e l e c ­
t r o n s  becom es e q u a l  t o  t h e  t h i c k n e s s  o f  t h e  sam ple  -  p r o ­
d u c in g  a  s i n g u l a r i t y  i n  t h e  f i e l d - d e p e n d e n t  im p e d a n c e .
T h is  i s  i l l u s t r a t e d  i n  f i g u r e  1 .  The c r i t i c a l  f i e l d  Bc 
a t  w h ich  t h e  maximum d i a m e t e r  o f  t h e  e l e c t r o n  t r a j e c t o r i e s  
become e q u a l  t o  t h e  sam ple  t h i c k n e s s  d i s  g iv e n  by  
Bc = 2 m v / ( e / c ) d .  T h is  p r o v i d e s  an e x c e l l e n t  means f o r  
d i r e c t l y  c a l l i p e r i n g  d im e n s io n s  o f  F e rm i s u r f a c e s .  An 
e x t e n s i v e  r e v ie w  oh r a d i o f r e q u e n c y  s i z e  e f f e c t s  h a s  b e e n  
g iv e n  by  G antm akher (1 9 6 7 )  b u t  t h e  m a th e m a t i c a l  t h e o r y  i s  
s t i l l  i n  an u n s a t i s f a c t o r y  s t a t e  and a s  p o i n t e d  o u t  by. 
Chambers (1 9 6 9 )  a  good d e a l  o f  work n e e d s  t o  be d o n e .
D e s p i t e  t h e  f a c t  t h a t  c o n s i d e r a b l e  a c h e iv e m e n t  h a s  b e e n  
r e a c h e d  i n  t h e  i n t e r p r e t a t i o n  o f  s i z e  e f f e c t  d a t a  t h e  s u b j e c t  
r e m a in s  h i g h l y  e m p i r i c a l .
-  27 -
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F i g .  1 .  E l e c t r o n  o r b i t s  i n  a  c o n s t a n t  m a g n e t ic  f i e l d .  
O r b i t s  o f  ty p e  ( a )  c o l l i d e  w i th  one s u r f a c e  o n l y .  Type 
(b )  a r e  c o m p le te  and o r b i t s  ( c )  w h ich  h i t  b o th  s u r f a c e s  1 
s i m u l t a n e o u s l y  a r i s e  i n  t h e  c a s e  d < 2 r Q and a r e  a s s o c i a t e d  
w i th  phenomena su c h  as  t h e  G antm akher e f f e c t .
(
CHAPTER 5
THE FUNDAMENTAL EQUATIONS AND THE VARIATIONAL PRINCIPLE
We c o n s i d e r  t h e  s o l u t i o n  o f  M a x w e l l 's  e q u a t i o n s  i n s i d e  
a  c o n d u c to r  o c c u p y in g  a  r e g i o n  V hounded  by  a  s u r f a c e  S f o r  
a  h i g h  f r e q u e n c y  e l e c t r i c  f i e l d  E ( ^ )  exp ittffc and  m a g n e t ic  
f i e l d  B f r )  e x p i i n t ,  a t  a  p o i n t  i n  t h e  c o n d u c to r  w i t h  p o s i -'XtO ‘*''~
t i o n  v e c t o r  r„  F o r  a  n o n -m a g n e t ic  medium i n  t h e  p r e s e n c e  
o f  a  c o n s t a n t  m a g n e t ic  f i e l d  Bq , t h e s e  have  t h e  fo rm
7^° = ( 3 o l )
y .B w = 0 ,  ( 3 . 2 )
V a B ,„  = ^ J (j0+ i  5 ?  , ( 3 . 3 )3u> = c ‘~Et
i  f 5 t
c° a t= -  1 % *  • ( 3 . 4 )
We c o n s i d e r  o u r  sy s te m  t o  be u n d e r  anom alous s k i n  e f f e c t  
c o n d i t i o n s  and  t h e r e f o r e . assum e l i n e a r  b u t  n o n - l o c a l  r e ­
l a t i o n s h i p s
i w ( r )  =
D,..(r) =
IS
j f J ( r , r 1) .E  ( r j ) d r ' ,  ( 3 - 5 )^  A* tv) ^
i T ^ C r , r 1) oE ( r 1) d r 1, (3 * 6 )
w here  D , J  a r e  t h e  f r e q u e n c y - d e p e n d e n t  P o u r i e r  co m p o n en ts  o f
A'v Ay
•the d i s p l a c e m e n t  and c u r r e n t  d e n s i t y  r e s p e c t i v e l y  i n s i d e  
t h e  volume V. When t h e  m a g n e t ic  f i e l d  B,q i s  r e v e r s e d  we 
d e n o te  t h e  f i e l d s  i n  t h e  medium by  E. J and B, J and  t h e<V*W A^w
c o r r e s p o n d in g  d i s p l a c e m e n t  and  c u r r e n t  d e n s i t y  by and  
+
Dw' - These s a t i s f y  ( 3 . 3 )  and (3-4-) and  s i m i l a r  e q u a t i o n s  
t o  (3 * 5 )  and (3 * 6 )  w i th  d t j ( r , r ' 1 ) , , r ' ) r e p l a c e d  by  
X f t  ( r ) a n d ^ G ? J ( r , r 1 ) r e s p e c t i v e l y .  I f  B i s  e l i m i n a t e d
Tfrom  ( 3 . 3 )  and  (3-4-) we o b t a i n  f o r  E w and E 1 t h e  f o l l o w i n g  
e q u a t i o n s
& ( 3 . 7 )
V a CVa e J ) 47iiWT t  . t— F T iu  + ~2iiwc ~ c
( 3 . 8 )
15/hen (3 « 7 )  is combined with ( 3 . 5 )  an integro-differential
e q u a t i o n  f o r  E, »i s  o b t a i n e d  i n  t h e  form
V a (Va ^  = iiO2c ' i - M  £ . ' ) d r '
+
'I
' ( r , r ' ) . E  ( r ' ) d r '  , ( 3 . 9 )/V /’V*’ A/W
Tand a  s i m i l a r  e q u a t io n  t o  ( 3 - 9 )  f o r  E ’ . M ethods o f  
s o l u t i o n  o f  t h e  above d i f f e r e n t i a l  e q u a t i o n  h av e  b e e n  d i s .  
c u s s e d  i n  C h a p te r  l e ‘ H ere  we s h a l l  u s e  t h e  v a r i a t i o n a l  
p r i n c i p l e  t o  a v o id  s o l v i n g  ( 3 - 9 )  d i r e c t l y .
We d e f i n e  a  v a r i a t i o n a l  i n t e g r a l  I  a s  an  i n t e g r a lU)
o v e r  t h e  s u r f a c e  o f  t h e  c o n d u c to r
( 3 - i o )
T h is  can  be c o n v e r t e d  i n t o  an i n t e g r a l  o v e r  t h e  volum e 
by  G a u s s 1 th eo re m  t o  g iv e
CO V
dV. ( 3 . H )
t,S in c e  ^ . I E J a ^ aE J ]  = (VaE J  . (Va e J )  -E  . ( 3 . 1 1 )
can  be  w r i t t e n  a s
and  f i n a l l y ,  s u b s t i t u t i n g  f o r  Va C's/a-E^) from  ( 3 - 7 )  i n t o
( 3 - 1 2 )  t h e  l a t t e r  t a k e s  t h e  form
CO V 5*aEw. V a e J  + -  7 ( ^ J - V } a v -  ( 3 ‘ 13)
We now t a k e  t h e  f i r s t  v a r i a t i o n  o f  I  w i th  r e s p e c t  t o
  T o
v^Cv) ~ /  •"xCJt h e  e l e c t r i c  f i e l d  E .a n d  E, J „ From ( 3 - 1 3 )  we h£ve
61 W a6 E ^ aE J  +Va 6 E ,k s? AE
VI
T^tiuy-rp t
A-U)
^ ( E ,  T.&J +6E P  J  ) _ ^C(E. J .6 D , ,+ 6 E , /  ,D ) f d V ,  2 ^ to  2 VW  /\6J -*vtO 7
t
( 3 .1 4 )
r I n  I .
T Twhere, &E. , and 5E, J a r e  t h e  v a r i a t i o n s  i n  E, , and E. ‘ a n dA, tv /Vw /\iv) 'X 10
t t6 J  , 5 J , , , &I> , &D,J a r e  t h e  c o r r e s p o n d in g  v a r i a t i o n s  mZ'-tO’ -Ar-lV * ^  (,)’ '-- tO U. O
T T T D D T J(u> 7 A.io’ i tW We s h a l l  now u se  t h e  r e l a t i o n s
and
e  h & j^U) a U)
\
E 6D, ^to ^ co
A tO a CO
t
&E ,D ''V-tO ^u)
t
( 3 . 1 5 )
( 3 . 1 6 )
T h e s e  f o l l o w  f r o m  t h e  f a c t  t h a t  t h e  t e n s o r S f T ^ j f r « r 1 )  e n dCO /■OsS-w
^ C ^ f r , r j )  i n  t h e  n o n - l o c a l  r e l a t i o n s h i p s  (3 * 5 )  and  ( 3 . 6 )  
s a t i s f y  t h e  g e n e r a l i s e d  O n sag e r  r e l a t i o n s h i p s
t
and
( 3 . 1 7 )
( 3 . 1 8 )
w h e r e  Q L ^ r 1 , r ) H  a n d  . r , ) ] 1  a r e  t h e  t r a n s p o s e  o f
o f , k r  i 1' 1 )  a n d f h r . r ' ) .  [A  f o r m a l  p r o o f  o f  ( 3 . 1 7 )  a n dW- (AJ W^  <*Nw
( 3 - 1 8 )  h a s  b e e n  d i s c u s s e d  by  J o n e s  and S o n d he im er (1964-)
H ere a s  t h e r e , ,  we s h a l l  r e g a r d  ( 3 .1 7 )  and ( 3 .1 8 )  a s  
sym m etry r e l a t i o n s  o f  g e n e r a l  a p p l i c a b i l i t y . I  S u b s t i t ­
u t i n g  f o r  from  ( 3 - 5 ) i n  t h e  l e f t - h a n d  s i d e  o f  ( 3 - 1 5 ) 
we have  ( o m i t t i n g  t h e  s u f f i x  00 )
e J b j . e . E1 .E .10 0
&E .c£ .E J
0 10 1 ( 3 . 1 9 )
I f  ( 3 - 1 7 )  i s  s a t i s f i e d ,  t h a t  i s  j!L . t h e  r i g h t - h a n dn. j  j  1
s i d e  o f  ( 3 - 1 9 ) can  be w r i t t e n
6E . 
. 1
and s u b s t i t u t i n g  from  ( 3 »5 ) t h i s  g i v e s
EAj = &E„ J/ \ ,  A ,
t ( 3 . 1 5  b i s )
Th^ r e l a t i o n  (3 » 1 6 )  can  be p ro v e d  i n  a  s i m i l a r  way,
U s in g  ( 3 .1 5 ) .  and ( 3 . 1 6 )  i n  ( 3 .14-) t h e  l a t t e r  becom es
61<0
tyA&E^V A E j  + W v&e J . V aE ^
V. ( 3 . 2 0 )
+ S ! ( 6 E , J , T+ 6 E , b  0 - &E.vD ks,.)|dV.
C  C  J
No w,
V/V&^-VaE J  +y A&E j . 7AEw  = 6E ^ a Wa e J )  + S E ^ a C^ a E ^
+ V  . { ^ ( V a E  t o ) +&S « TA (V A E W) ,
t  (3.21)
so  t h a t
-  t . , TC t
61
(a)
[ 6 E ^ ( v a ( V a e J )  + ^ J  -  J}
V c c
+ ^ c l - h A C V A E  J  + 4 R w
L c c
+ V .f 6 E ,^ ( 7 A E _ J )  + & E j A(VAEtJ)JjaV. ( 3 . 2 2 )
F i n a l l y ,  c o n v e r t i n g  t h e  l a s t  te rm  on t h e  r i g h t - h a n d  s i d e  
o f  ( 3 - 2 2 )  t o  a  s u r f a c e  i n t e g r a l  we o b t a i n
61
~£a ) V1&^ a (Va e J )  + ^ r j  -  4 & J j
+
+
&E PiWvAE, ) + M.D ]dvA. (a) 1 Ato 2 A to ^ A tv)L c c
n
s{ 6= J a ^ aE 0  + & E j< y AE j ) J . d S .  ( 3 . 2 3 )
The volume i n t e g r a l  i n  ( 3 - 2 3 )  v a n i s h e s  by v i r t u e  o f  ( 3 - 7 )  
and  (3 » 8 )  and  so
5e J a (v7aE J  + & E ^ A E j ) ] . a s  -  0  ( 3 . 2 4 )
i s  a  n e c e s s a r y  and  s u f f i c i e n t  c o n d i t i o n  f o r
61
Ul
= 0.
( 3 - 2 4 )  i s  s a t i s f i e d  i f
&E AdS
-Ma) 'x.
&E Y d SAt\l Aj = 0
( 3 . 2 5 )
( 3 . 2 6 )
a t  a l l  p o i n t s  on t h e  s u r f a c e  S , t h a t  i s  t o  s a y ,  t h e  v a r i -
Ta t i o n s  o f  t h e  t a n g e n t i a l  com ponen ts  o f  E ^ a n d  v a n i s h
a t  t h e  s u r f a c e  o f  t h e  c o n d u c t o r .  J o n e s  and S o n d h e im e r
+
(1 9 6 4 )  have p o i n t e d  o u t  t h a t  i f  E.* = S '  ( 3 - 2 4 )  r e d u c e sV^IaJ SK'tAJ
t o  an i n t e g r a l  p r o p o r t i o n a l  t o  t h e  P o y n t in g  v e c t o r  and  
t h e  v a r i a t i o n a l  p r i n c i p l e  ( 3 . 2 5 ) can  t h e n  be  i n t e r p r e t e d
a s  s t a t i n g  t h a t  t h e  energy - ,- f lu x  a c r o s s  t h e  su r fe .c e  i s  
s t a t i o n a r y o  I f  t h e  c o n d i t i o n  (3*24-) i s  s a t i s f i e d  t h e n
( 3 . 2 5 ) ho lds- . and  ( 3 . 1 0 ) end ( 3 »1 3 ) t h e n  g iv e
V
( 3 . 2 7 )  
^aE .7/\E,T + £EJ£>(E.j.J(%) _ ^4(E,|.D, )ldV = 0.v/ /\co aw  d /v.oj r^ c<y d <^ 6v)
j  C G
from
We s h a l l / h e r e  onw ards t a k e  V t o  be t h e  r e g i o n  b e tw e e n  
two p a r a l l e l  p l a n e s  z=0 and  z=d ( x , y , z  b e in g  r e c t a n g u l a r  
C a r t e s i a n  c o o r d i n a t e s )  w h ich  t o g e t h e r ,  c o n s t i t u t e  t h e  s u r f a c e  
S .  I n  t h i s  c a s e  we c a r r y  o u t  a  p a r t i a l  F o u r i e r  t r a n s f o r m  
o f  E ( r )  and E ^ j c r )  a s  f o l l o w s
E ( r )  =^u> ^
r  - i ( s  x+s y )
y z , s x , s y ) e 7  d s x d s y ( 3 - 28)
t ,
811(1 £ o h r )  =
+ +
x  + 4 + - i ( s  ' t f + s ‘y)  + +
§«!/z>sx >sy )e : ^sx sy . ( 3 . 2 9 )
(3 . 2 7 ) t h e n  g i v e s
Pd r*+ GD +00
6 dz dx a y
*»P J I-® v -GO
n
* 4 l  & I ( z , s j  . s j )  « £ ) j  z , S Y , S v ) ]
c ’ x ’ y-
x  e
w here
+ +•
~ i(s  x+s y ) .  - i ( s  x+s y )
x y .e  x  y d s d s ,  = 0y
( 3 . 3 0 )
V  = ( i s x , i s  , a /a z )
Nov/,
+ GD 
—GO
+ o o - i ( s  x+s y )  ~ i ( s  ’x+ s 1y )  • 
e *  J  e x  7  dxdy
i-GO 5(sx+sxT-V syT)
( 3 - 3 2 )
so t h a t  ( 3 - 3 0 ) r e d u c e s  t o
n a
dz
0
. SX , Sy ) . ^  £T (  Z , -S X, -B y)J^bJ
( 3 .3 3 )
- 4 c e ! . ( z . - s x .- s y) . g ( Z.sx(Sy)jJdsxdSyi = o.7 1'  x « r
(3 * 2 ? )  c a n  now he  r e p l a c e d  b y  -  Q w i th
_ Z -  {  & 3> > A  r.VA£ ( d ) ]  -  ^ ( 0 ) A C ^ 0 ) ] j z -
^ C V a &OO]  • l ^ A  £ ( I ( z ) ] -
-  ^ t £ l , ( z ) . ^ z ) ] l d z (3 .34-)
and ( 3 - 2 6 ) ,  w hich  i s  now w r i t t e n  a s
n d
0
3
dZ [ 6 £ . J a^ a £ ^  6 £ wAC ^ }  - 0 ( 3 - 3 3 )
w i l l  be s a t i s f i e d  i f
5 6 ( 0 )  = &£, ( a )  = & t t ( o )  = 6 N ( d )  = 0 ,
a a a a
a  = x ,.y, inhere we have o m i t t e d  t h e  s u f f i x W .
From (3.34-) we se e  t h a t  ^7^ d e p en d s  on t h e  q u a n t i t i e s  
L ( 0 ) ,  £ 7 ( d ) ,  £ ,_ 7 ( 0 ) ,  £ " ^ ( d )  w h ich  a r e  t h e  v a l u e s  o f  t h e'ex' ’ a
e l e c t r i c  f i e l d  a t  t h e  s u r f a c e  and a r e  t h e r e f o r e  a r b i t r a r y ,
A A
So we d e f i n e  f o u r  2x2 t e n s o r s  X, X, Y, Y by
[Va 8 : 0 ) ] x = ^2 + XyP>S( a ) ]  ( 3 ' 36 )|3 -x ,y
[V * £ (o ) ]y  = _ e  [Xxp£ p ( 0 ) + Xxp£ p ( d ) ]  ( 3 . 3 7 )
P~x , y
[ ^ \ £ ( d ) ] x  = -  E [Xyp£ p( 0 )  + Xyf,e p( d ) ]  ( 3 . 3 8 )
P - x ,y
[ ^ £ ( d ) l y  = E A p 6 p ( 0 )  ♦ t p £ p ( d ) j  ( 3 . 3 9 )
P*"X ,y
A A
w here  X, Y, X, Y a r e  q u a n t i t i e s  w h i c h r r e p l a c e  t h e  s u r f a c e^  ^  “S^  ^
a d m i t ta n c e  t e n s o r s  i n  t e r m s  o f  w hich  t h e  r e f l e c t i o n  o f  a  
p l a n e  wave c an  be d e s c r i b e d  i n  t h e  cs,se o f  a  s e m i - i n f i n i t e  
medium [Jo n e s  and S ondh e im er (1 9 6 4 ) ]  o I n  t h e  l i m i t  d —^ gd,
A A
X,X —> 0 and  Y, Y a r e  j u s t  t h e  s u r f a c e  a d m i t t a n c e  t e n s o r s .  
I n s e r t i n g  ( 3 - 3 6 )  t o  (3 * 3 9 )  i n t o  ( 3 .3 4 )  we o b t a i n  c7 ^ a s  a  
q u a d r a t i c  e x p r e s s i o n  i n  t h e  e l e c t r i c  f i e l d s  a t  t h e  s u r f a c e  
o f  t h e  medium,
a - l y
( 3 . 4 0 )
+ £ l ( 0 ) X ap£ p ( d )  + € j ( 0 ) T a p ^ ( 0 ) J .
S i n c e ,  a s  i s  a p p a r e n t  from  ( 3 » 3 4 ) ,  ( 3 .1 7 )  and  ( 3 . 1 8 ) ,  
i s  sy m m etr ic  i n  £  and £^",
XT = XT , YT = f t ,  XT = X1*. ( 3 . 4 1 )
.A  A  r v  /*V A rA 'V >C '“N-'
F o r  a  m o noch rom atic  i n c i d e n t  p l a n e  wave
i  exp [ i & o t - q . r ) ]  ( 3 . 4 2 )-v,
o n ly  t h e  F o u r i e r  com ponents  £, ( z , s  , s  ) f o r  w h ich  s = qjt ^uy 9 x* y  x  ^x
and  s = q n e e d  be c o n s i d e r e d ,  t h e nd d
A A J
The 2x2 t e n s o r s  X, X, Y, Y can  be fo u n d  by  e q u a t i n g  c o e f ­
f i c i e n t s  o f  £a ^ ( 0 )£j3 ( ° ) » £>a "^(cO£p(d) , e t c . ,  on t h e  r i g h t -
h and  s i d e  o f  (3 o 3 4 )  and ( 3 . 4 0 ) .  Once t h e  p r i n c i p a l  e l e -
A A
m ents  o f  t h e  t e n s o r s  X, X, Y, Y a r e  known t h e  r e f l e c t e d
2V 2^
wave
i  exp [ i ( 4 j t - q f . x ) ]  ( 3 .4 4 )
'V  A -
w here a 1 = , and  t h e  t r a n s m i t t e d  wavex  y z
t  exp [ i ( h ) t - q „ x ) ]  (3 * 4 5 )A/
c an  be fo u n d  by  u s i n g  b o u n d a ry  c o n d i t i o n s  on t h e  t a n g e n t i a l  
com ponen ts  o f  £ ^ a n d  a t  z=0 and z=d. T hese  g iv e
h  + r ot = ^ a ( 0 ) > ( 5 ”£|-6 )
t a  = 6 p ( d ) ,  ( 3 . 4 7 )
- i  [q * i  + q'Ar] = [Va£ (0 ) ]  , ( 3 - 4 8 )
A  A/ IX Uv
- i [ q A t ]  = CVA£(d)] . ( 3 - 4 9 )
/ v  (X (X
From M axw ell*s e q u a t io n  ( 3 « l )  we h a v e ,  i n  t h e  r e g i o n  z>0 ,
V » ( i  + 2?) = 0  ( 3 . 5 0 )
/V  /V
o r ,
(M y i 9 2 } * ( i V ; i y  fc1 z + v x +i v - r z } = 0
o r ,
-iq z-i(q^x+qyy)
(q i  +q i  +q i  )e  ^  ^
X v  y  (3 .5 1 )
+ iq  z - i ( q  x + q y )
+ ( q r + q r ~ q r ) e  ^  = 0,VHx x Hy y  z '
I t  f o l l o w s  t h a t  from  ( 3 .3 1 )  t h a t
-  37 -
S  V «  +  =  0  ( 5 “ 5 2 )oc=x,y
and 2 q r  -  q r  = 0 .  ( 3 . 5 3 )
oc=x,y
A p p ly in g  ( 5 - 1 )  i n  t h e  r e g i o n  z>d g i v e s
Eq t  4 q t  = 0* (3-54-)_ a  a  ^z  z w  ^a
We now d e f i n e  t h e  r e f l e c t i o n  t e n s o r  R and  t r a n s m i s s i o n  
t e n s o r  T i n  t e r m s  o f  t h e  i n c i d e n t  and r e f l e c t e d  waves by
’  p J . y V s  < 3 ' 5 5 >
811,1 * a  = p J ^ y W - p  • ( 3 ' 56)
-V
S u b s t i t u t i n g  f o r  L^& Cd)] from  ( 3 - 3 8 )  i n t o  t h e  b o u n d a ryX
c o n d i t i o n  (3-4-9) we have
- = -  Ri  A e £e(0) + W d)] ( 3 * 5 7 )p —x , y
w h ich  becom es , u s i n g  (3-4-6) and (3<>4-7),
-  = -  „ ^ p ( i p+ r p } . + * y p V -  ( 3 - 5 8 )p > y
S i m i l a r l y  i n s e r t i n g  [V /\£(d)l from  ( 3 - 3 9 )  i n t o  (3-4-9)
v
w i th  t h e  u s e  o f  (3-4-6) and (3-4-7) we o b t a i n
-  i ( ^ y  =  T s A p £ p ( 0 )  +  A g P ( d )x , y
= ^2  Xx p ( i p +r p ) + ^ p t p . ( 3 . 5 9 )
x , y
S u b t r a c t i n g  ( 3 - 5 8 )  from  ( 3 - 5 9 )  and m u l t i p l y i n g  b o t h  s i d e s
p
by l / q „  we haveZ
S u b s t i t u t i n g  f o r  t  q from  (3*54-) and f o r  r  , t  i n  t e r m sz z oc oc
o f  t h e  r e f l e c t i v i t y  and t r a n s m i t t i v i t y  t e n s o r s  from  ( 3 - 5 3 )  
and ( 3 - 5 6 )
/ i n t o  C3-80) t h e  l a t t e r  becom es
( 3 . 6 1 )
= — I 2 IX D( i„+ R  Di 0 ) + Y „T ni D] 1 
qz [ a , p  a(3 P af3 p 13 J
j, ^
o r ,  ( I+ Q ) .T  = X - j x . d + E )  + Y„T ] , ( 3 . 6 2 )
p
w here  Q = q q D/ q  and I  i s  t h e  u n i t  2x2 t e n s o r .  S i m i l a r l y ,
s u b s t i t u t i n g  f o r  [Va£,(0)1 and P7a6 ( 0 ) ]  from  ( 3 - 3 8 )  andx  y
( 3 .3 7 )  i n t o  ( 3 .4 8 )  and u s i n g  ( 3 - 4 6 ) ,  ( 3 . 4 7 ) ,  ( 3 - 5 2 ) ,  ( 3 - 5 3 ) ,  
( 3 . 5 5 )  and  ( 3 .5 6 )  we hav e
[’ - T C V t >  * W t f l 1 !. -  a > V p }
( 3 - 6 3 )
= -  — f  2 X D( i„ + R  Di D) + X o T ^ o io i
q z i a , p  ^ ^ ^ ^
o r ,  ( I + Q ) . ( I - R )  = -  ~ -iY .(I+R ) + X .t I .  ( 3 . 6 4 )
^  ^  ~  ci z [y £  ^  *7
S o lv in g  from  ( 3 - 6 2 )  and (3-64*) f o r  T and  R i n  t e r m s  o f
C y  -Cl
A A
X, X, Y ,and  Y we o b t a i n
A A
The m ethod  o f  f i n d i n g  t h e  2x2 t e n s o r s  X, X, Y, Y from
t h e  v a r i a t i o n a l  p r i n c i p l e  c o n s i s t s  o f  c h o o s in g  a  t r i a l  
f u n c t i o n  f o r  t h e  e l e c t r i c  f i e l d  i n v o l v i n g  n  p a r a m e t e r s  
( i  = 1 ,2  . . . n ) ,  i n s e r t i n g  t h i s  t r i a l  f u n c t i o n  i n t o  t h e  
v a r i a t i o n a l  i n t e g r a l  Uro g iv e n  by  (3 * 3 4 )  > and  s o l v i n g  t h e  
r e s u l t i n g  e q u a t i o n s
_  = ( 3 . 6 7 )
The v a l u e s  o f  o b t a i n e d  from  ( 3 .6 7 )  a r e  t h e n  r e p l a c e d  
i n  ( 3 .3 4 )  t o  g iv e  t h e  b e s t  a p p ro x im a t io n  t o  J t o f o r  a  c h o s e n  
form  o f  t h e  t r i a l  f u n c t i o n . Then, e q u a t i n g  ( 3 - 3 4 )  and
A A
( 3 .4 0 )  we can  o b t a i n  X, X, Y, Y by  co m p a r in g  c o e f f i c i e n t s^  O- rv'V’ Av '
o f  £ a ^ ( 0 ) £ p ( ° ) » £ a ^ ( d )  6 p (d )  , e tc „  on b o t h  s i d e s  o f  t h e  eq  
e q u a t i o n « From ( 3 .6 5 )  and ( 3 . 6 6 ) f o r  T and R, w i t h  t h e  
a i d  o f  ( 3 . 5 5 )  and (3 * 5 6 )  we can  d e te r m in e  a l l  t h e  p r o p e r t i e s  
o f  t h e  r e f l e c t e d  and  t r a n s m i t t e d  e l e c t r o m a g n e t i c  w ave.
I n  t h e  n e x t  c h a p t e r ,  we s h a l l  a p p ly  t h e  v a r i a t i o n a l
p r i n c i p l e  d e v e lo p e d  h e r e  t o  t h e  c a se  w here  t h e  r e l a t i o n - .
s h i p  between- t h e  c u r r e n t  d e n s i t y  and t h e  e l e c t r i c  f i e l d *
£  Ni s  l o c a l  and t h e  form  o f  t h e  e l e c t r i c  f i e l d  i n s i d e  t h e  CO
medium i s  known e x a c t l y .  The v a r i a t i o n a l  p r i n c i p l e  i s  
t h e n  shown t o  be e q u i v a l e n t  t o  s o l v i n g  M a x w e ll’s e q u a t i o n s  
d i r e c t l y .
CHAPTER 4
CLASSICAL ANALYSIS
4 .1  The A n i s o t r o p i c  Case
f
We c o n s i d e r  t h e  medium o c c u p y in g  t h e  r e g i o n  V t o  be  
a n i s o t r o p i c  and  t h e  r e l a t i o n s h i p  b e tw ee n  t h e  c u r r e n t  d e n s i t y  
q /y jand t h e  e l e c t r i c  f i e l d  ^ ^ t o  be l o c a l ,
o T d z * = ( 4 . 1 )
0
w here  i , o  = x , y , z .  We a l s o  assum e
< & ( * )  ' =  ( 4 . 2 )
0
F o r  t h i s  c a s e  t h e  form  o f  t h e  e l e c t r i c  f i e l d  i n s i d e  V i s  
t a k e n  t o  be a  sum o f  f o u r  e x p o n e n t i a l s
c  4
O. ( z )  = S A. . exp  ( - c r .z ) C e x p  i ( q  x+q y ) J  , ( 4 . 3 )
-1- J=1
and  £ t ( z )  = 2 A. X  exp (-.cr."^z) [ exp i ( q  x+q y ) ]  , (4 * 4 )
0=1 J  ^ x . y
i  = 2C ,y ,z .  I n s e r t i n g  ( 4 . 3 )  and  ( 4 . 4 )  i n t o  (3 « 3 4 )  we h av e
r f  4  4  +
d = l k = l{ a = x ,y  p J . y ^  W (q a q 0 “ (q *  +%  )&«P
+ p J C jy Az / V ( i y y ^ 3" ^ <^ P “ i q B0 k ) 7 l k  
+ <? a “ i q <xa dT )T ak
-  41 -
_  1 -  exp [-(<T.^+cr, )d]
where  T ^-v  = --------------—*f— -^----    ( 4 . 6 )
*
and &a p i s  t h e  K ro n e c k e r  d e l t a .  The v a r i a t i o n a l  p r i n c i p l e
( 3 ,2 5 )  t o g e t h e r  w i th  ( 3 .2 4 )  g i v e s  
4  r  0
m V  -  V .
4  _
exp ( - ffk d )  = •
L A I  = £  ° t (
d= l “ 0 a  >
e x p  ( - <rd T d )  = V T ;  ( Z K 7 )
n
* 2 ^ dAa i ^  eXp ^ - ^ i d ) = °»/T I /v a  a d J
0 = 1
a
ac f. 1 a  0
a H
+ 2 ^ d A p k exp ( -C ^ d )  = 0 ,  k  = 1 , . .  . 4
— ^~+ *~^cT -  exp ( - c f .^ d )  = 0 ,  a  = x , y ;  0 = 1 , . « . 4
0A a  u  0ao
3 ^60
? I “  -  * £  “  ^ exp = 0 , p = x , y ;  0 = 1 , 0 0 . 4
-  0 ,
3 V
a 4 .
= 0 , ( 4 . 8 )
zk
w here  i s  a  L ag ra n g e  m u l t i p l i e r .  When ( 4 . 8 )  i s  a p p l i e d  
t o  ( 4 . p )  w i th  t h e  a i d  o f  ( 4 . 7 )  i t  i s  fo u n d  t h a t  
a r e  t h e  r o o t s  o f  a  q u a d r a t i c  e q u a t i o n  and t h i s  can  a l s o  
be o b t a i n e d  by  s o l v i n g  M a x w e ll’ s e q u a t i o n s  d i r e c t l y .  T h is  
i s  n o t  s u r p r i s i n g ,  s i n c e  t h e  s o l u t i o n  o f  t h e  l a t t e r  i s  o f  
t h e  form  ( 4 . 3 )  and ( 4 . 4 ) ,  and  h e n ce  t h e  v a r i a t i o n a l  p r i n c i p l e
i s  e q u i v a l e n t  t o  M a x w e l l 's  e q u a t i o n s .  T h is  may be s e e n  
a s  f o l l o w s .  From (3 « 3 4 )
Pa
JO I  '
T a k in g  t h e  f i r s t  v a r i a t i o n  o f  ( 3 - 3 4 )  we have
( 3 . 3 4 ; b i s )
P a
(O ^ d z | ( va  & £ w. 7  a  +W  a 6 6  J )>u>'/V
( 4 . 9 )
+
C C  v
S u b t r a c t i n g  t h e  te rm  + & 6tlA ,^ A ^ a z  from
t h e  r i g h t  h an d  s i d e  o f  ( 4 . 9 )  l e a v e s  6 3 ^  u n ch an g ed  s i n c e  
t h e  added  te rm  i s  z e ro  by  v i r t u e  o f  (3 » 3 5 )°  ( 4 . 9 )  t h e n
t a k e s  t h e  form
to , d az{(VA&£u).v 1A & J + V a £ . ^ a & & J )  0  I  ^  ^  w XT'
az ( &a aAVt A ,& J+ & £JaVa £ J
( 4 . 1 0 )
+ & &. J . c£,) J ^ (  £  J . ] J
Now, u s i n g  ( 3 - 4 3 ) ,
^ A & 0=  l ( - i q y V ^ H ( ^ i q x £ z ) + £ ( - i q x & y + i q y £  }  ’
(4 .11)
' k & J  = i (+qy £zt _ ! ^ l ) +^ ( ! ^ L i qx£ zt ) +k ( i q x £y T- i q y ex 1' ) .y x
(4.12)
So t h a t ,  w i th  t h e  u se  o f  ( 4 . 1 1 )  and  ( 4 . 1 2 ) ,  ( 4 . 1 0 )  .becom es
i  ° r )  A -p  _  Z  i  ^  ]
+ Z  < $ ’ / ) „ : ' ^
X j L z h ^ i  1
U  e ^ 2
’j +
f l )>
H jr tg
<?A r<rfc* 4 n W /  / L t ^ l ' g #  ft
CJ. frj a -  f f  h j T)
■ ( 4 . 1 3 )
s o  t h a t  & « L e  0  g i v e s
V a y  a s j >  +  4 j u »  <7~ J  -  = ° (4.14)
and
V  A \7 A 6  U) -f- ^  <Du> ~ o . (4 . 15)
*/N' £i, /■v. Cl'
(4.14) and (4.15) are gust Maxwell!s equations.
We now assume normal incidence so that q - q = 0x  y
and (4.13) reduces to
i ;  1 * % ^ - £<z>r v -
* ,  ^.^Vy-r^v1
z l  H  [  4 jrC ^  -  ^ 3 ) ^  1  ' *■ ° '
(4.16)
k.--t c -  - r  /**
Eliminating A . from (4.16) we obtain
— 4nzAA> c / u  
O  6
\
l y j A ^ k  y
(4.17)
where
( 4 . 1 8 )
F o r  n o n - t r i v i a l  s o l u t i o n s  t o  ( 4 . 1 7 )  we m u s t 'h a v e
4 j r g >
( 4 . 1 9 )
o r ,
w hich  g i v e s
(4 . 2 0 )
I f J l l s r e f e r r e d  t o  p r i n c i p a l  a x e s ,  i t  i s  d i a g o n a l  and  t h e n
we h a v e , s i n c e  c xy x 0 , from  ( 4 .2 0 )
so  t h a t
o r
6% = ^ 4 ? [ ( t A £ - / £ ) ] ,
2c  xx  yy  xx  yy
2 =
' T
'  C
X X
<j2 _ 4TriA)/f,m~ o tttt jK, T 2 yy ( 4 .2 2 )
w here xx i s  t h e  l o n g i t u d i n a l  e le m e n t  o f </tana </£V t h e
t r a n s v e r s e  e l e m e n t . R e p la c in g  from  ( 4 .2 1 )  i n t o  ( 4 . 1 7 )  
W i t h / ^ y  = ^ x  = 0 g i v e s  A ^  = 0 and r e p l a c i n g  o^  from
(4*.22). i n t o  (4 ^ 1 7 )  giV'es AxK 0; so t h a t  f o r  l o n g i t u d i n a l
p r o p a g a t i o n  A ^  = 0 and f o r  t r a n s v e r s e  p r o p a g a t i o n  A ^  = 0
W ith  t h e  m a g n e t ic  f i e l d  i n  t h e  x  d i r e c t i o n ,  t h e  t e n s o r t
i s  t h e n  g iv e n  by  ( 2 .4 4 )
Nc2-G Nc'mco ^  o m
0
\ 0
\
\
\
3)and i f  we assum e 0lJ  t o  be o f  t h e  form
\
0
C)
0
e
o
\
0 \
i
o 
€
21+ Y 
- 1
, ( 2 . 4 4  b i s )
( 4 .2 3 )
t h e n  t h e  p r i n c i p a l  a x es  . f o r  a r e  x  and  y and we c a n  t r e a t  
t h e  c a s e  o f  l o n g i t u d i n a l  and t r a n s v e r s e  p r o p a g a t i o n  s e p a r ­
a t e l y .  F o r  t h e  fo rm e r  c a s e  u s i n g  ( 4 .1 8 )  we o b t a i n
w hich  when we s u b s t i t u t e  f  o r  <x. from  ( 2 .4 4 )  g i v e sXX
J?  47rNeP r  i ^ x r  1 ,, 0 ,n
j j  -  -  Z5 2 J ’ ( 4 o 2 4 )me
P
w here  we have  u s e d  t h e  r e l a t i o n s
CO2 = ^ 4
p £mc
and X = .
F o r  t h e  t r a n s v e r s e  c a s e  we o b t a i n  from  ( 4 .1 8 )
4-T.ito/
o f  .  4  -  .  i f  I
C C
and on s u b s t i t u t i n g  f o r  £  , £  , £  and £  from  ( 2 .4 4 )yy z y ’ ^ y z  zz
we have
47r_(Ne_) iU )
^2 to 4Tt.iL0r c ^6 (1+Y ) . Ne ' Y i
^  ^  . Ke2__ ^  4  5 ^ r ~ y J •
L— p— x-------p“ - —pj
mc c> u + ^ )  °  ( 4 . 2 5 )
4 . 2  T r a n s m is s io n  and R e f l e c t i o n  C o e f f i c i e n t s  f o r  an  
I s o t r o p i c  Medium
We c o n s i d e r  an i s o t r o p i c  medium w here  t h e  t r a n s m i s s i o n  
c o e f f i c i e n t  and t h e  r e f l e c t i o n  c o e f f i c i e n t  a lo n g  p r i n c i p a l  
a x e s  a r e  known e x a c t l y .  I n  t h i s  c a s e  t h e  e l e c t r i c  f i e l d  
£ ,(z )  i n  t h e  r e g i o n  b e tw ee n  two p a r a l l e l  p l a n e s  z=0 and  
z=d, f o r  b o th  c a s e s  o f  l o n g i t u d i n a l  and t r a n s v e r s e  p r o p a ­
g a t i o n ,  i s  g iv e n  a s  a  sum o f  two e x p o n e n t i a l  t e r m s
£ ( z )  = a e _<5z + p e _<5'<-d - z )^ 0 . 2 6 )
, e -tfd
w here a  = T ~ f - ^ C - 2 g d ) J  ^ - 2 7 )
B -  £ d  ~ ^>e~gd fz, ?R1“ " I T  T  exp ( - 2 d d ) J  ( 4 .2 8 )
and  S/q and a r e  t h e  v a l u e s  o f  E ( z )  a t  z=0 and z=d r e s ­
p e c t i v e l y .  Then
C H l x  85 °> ( 4 . 2 9 )
-  ( e d- £ )e - d d ) e - <5d]
^ 4 4  = —  --------------------  ( i K 5 0 )
Lv.£d]x = 0 (4.31)
d [ ( ^ - ' . % e - tfd) e - tfd -  (£ d - 4 e - 0 d )
= --------  Cr - ~"e~ ^ dT  ---------  ( 4 ‘ 32 )
U s in g  ( 4 .2 9 )  t o  (4 -3 2 )  i n  t h e  e x p r e s s i o n s  (3 * 3 6 )  t o  (3 * 3 9 )
A A
f o r  t h e  t e n s o r s  X, X, Y, Y we o b t a i nCy
/ \  r\ •! ' — o d
x  = r 2 tfp_..g _  f ( 4 o 3 3 )
(1  -  e )
A /<"( 1 ^~*2dd\y = y = I  (4.34)
( 1  _  e  )
A A A A
where X, X; Y, Y a r e  t h e  com ponen ts  o f  X, X; Y, Y i n  t h e
f\> A- Of Ci're re se ^
p r i n c i p a l  d i r e c t i o n s
S u b s t i t u t i n g  ( 4 .3 3 )  &n d ( 4 .3 4 )  i n  t h e  e x p r e s s i o n s  
(3 * 6 5 )  and (3 » 6 6 )  we o b t a i n  t h e  d i a g o n a l  e le m e n ts  o f  t h e  
t r a n s m i t t i v i t y  t e n s o r  T and r e f l e c t i v i t y  t e n s o r  R a s
T 4 i ( c f / q ) e ~ dd ( 4 .3 5 )
( l+ i (5 '/q )2e'~2cTd -  ( l - i d / q ) 2
R
( l+ ic T /q )2 e 2crd -  (1 - ic T /q )2
( 4 . 3 6 )
p
The t r a n s m i t t i v i t y  a n d ‘r e f l e c t i v i t y  a r e  t h e n  g iv e n  by  |T |
2
and |R | . The e x p r e s s i o n s  (4 „ 3 5 )  and  (4 ^ 3 6 )  a r e  e q u iv a ­
l e n t  t o  t h e  e x p r e s s i o n s ' u s e d  t o  c a l c u l a t e  t h e  t r a n s m i t t i v i t y  
a n d . . r e f l e c t i v i t y  -g iv en  by  s t a n d a r d  i s o t r o p i c  t h e o r y  Usee 
f o r  exam ple  S t r a t t o n  (1 9 4 1 )  p . 5 15]°  Ramey e t  a l .  (1 9 6 8 )  
have  u s e d  e x p r e s s i o n s  i d e n t i c a l  t o  ( 4 .3 5 )  and ( 4 .3 6 )  i n  
t h e i r  work on m icrow ave t r a n s m i s s i o n  i n  t h i n  f i l m s ;  t h i s  
i s  d i s c u s s e d  i n  C h a p te r  5 .
Vie have  shown t h a t  when t h e  r e l a t i o n s h i p  b e tw e e n  t h e  
c u r r e n t  d e n s i t y  e&> and t h e  e l e c t r i c  f i e l d  & % i s  l o c a l  and
/ v  y\0 0
l i n e a r ,  t h e  v a r i a t i o n a l  p r i n c i p l e  i s  s u p e r f l u o u s  i n  o b t a i n ­
i n g  s o l u t i o n s  t o  t h e  t r a n s p o r t  p ro b le m , s i n c e  M a x w e l l 's  
e q u a t i o n s  c a n .b e  s o l v e d .  But i n  g e n e r a l ,  t h e  r e l a t i o n s h i p  
b e t w e e n a n d  £ to i s  n o n - l o c a l  a s  i s  shown i n  t h e  n e x t  
c h a p t e r ,  and t h e n  i n  t h e  a b se n c e  o f  e x a c t  s o l u t i o n s  t o  
M a x w e ll 's  e q u a t i o n s  t h e  r e l e v a n c e  o f  t h e  v a r i a t i o n a l  p r i n ­
c i p l e  a p p e a r s .
CHAPTER 3
THE SOLUTION TO THE BOLTZMANN EQUATION
I n  o r d e r  t o  o b t a i n  a  n o n - l o c a l  r e l a t i o n s h i p  b e tw e e n  
t h e  c u r r e n t  d e n s i t y  J  and  t h e  e l e c t r i c  f i e l d  E we s o l v e  
t h e  B o ltzm ann  e q u a t i o n  f o r  t h e  d i s t r i b u t i o n  f u n c t i o n  f  
and u s e  t h e  r e l a t i o n s h i p  b e tw ee n  J  and f  g iv e n  by  ( 2 . 9 )
We r e c a l l  t h e  B oltzm ann  e q u a t i o n  i n t r o d u c e d  i n  C h a p te r  2 
w h ich  i s  w r i t t e n  a s
w i th  g g iv e n  by  ( 2 . 3 )  H ere  we have  assum ed t h e  e f f e c t  o f  
c o l l i s i o n s  can  be  r e p r e s e n t e d  by  a  t im e  o f  r e l a x a t i o n  
c ( k ) .  T h is  a s s u m p t io n  h a s  b e e n  shown t o  be v a l i d  u n d e r
A /
anom alous s k i n  e f f e c t  c o n d i t i o n s  i n  t h e  z e ro  o r d e r  a p p r o x i ­
m a t io n  w i th  r e s p e c t  t o  ( & /€ ) ,  w here  6 i s  t h e  c l a s s i c a l  s k i n  
d e p th  and £ t h e  mean f r e e  p a t h  [ A z b e l 1 and  K aner (1 9 5 8 ) ]*  
However, f o r  an  e l e c t r o m a g n e t i c  wave o b l i q u e l y  i n c i d e n t  
on t h e  s u r f a c e  o f  t h e  medium, K l ie w e r  and  F uchs ( 1 9 6 8 ) have  
shown t h a t  su c h  a  s im p le  r e l a x a t i o n  t im e  a p p r o x im a t io n  f o r  
t h e  s c a t t e r i n g  te rm  i n  t h e  B o ltzm an n  e q u a t i o n  i s  i n a d e q u a t e .  
T h is  i s  b e c a u s e  f o r  o b l iq u e  i n c i d e n c e ,  c h a rg e  f l u c t u a t i o n s  
a r e  p r e s e n t  and t h e  r e l a x a t i o n  o f  t h e  p e r t u r b e d  d i s t r i ­
b u t i o n  f u n c t i o n  to w a rd s  e q u i l i b r i u m  w i l l  i n  f a c t  be  t o  t h e  
l o c a l  s t a t e  o f  t h i s  c h a rg e  im b a la n c e  and n o t  t o  t h e  e q u i ­
l i b r i u m  d i s t r i b u t i o n  f u n c t i o n  .f „ B e n n e t t  and  B e n n e t t  (1 9 6 5 )  
and Lonke and Ron (1 9 67 )  have  d i s c u s s e d  t h e  p o s s i b i l i t y  o f
J
/ \ s
e V (K )f(K )dK .a- -V rvy ( 2 . 9  b i s )
t h e  r e l a x a t i o n  t im e  becom ing  f r e q u e n c y  d e p e n d e n t ,  p a r t i c u ­
l a r l y  i n  t h e  i n f r a r e d  o p t i c a l  p r o p e r t i e s  o f  m e t a l s  * G ener­
a l i s a t i o n  o f  o u r  t h e o r y  t o  i n c l u d e  a  f r e q u e n c y  d e p e n d e n t  
r e l a x a t i o n  t im e  i s  p o s s i b l e  b u t  w i l l  n o t  be a t t e m p t e d  he re ,.
The e f f e c t  o f  t h e  m a g n e t ic  f i e l d  B^ on an  e l e c t r o n  i s
g iv e n  by
*  = ( 5 a )
A c c o rd in g  t o  ( 5 „ l )  t h e  e l e c t r o n  moves i n  o r b i t s  i n  k  sp a c e  
w h ich  a r e  d e f i n e d  by  i n t e r s e c t i o n s  o f  t h e  p l a n e s  k«33 =° x r\Q
c o n s t a n t  w i th  t h e  e n e rg y  s u r f a c e s  £ ( k )  = c o n s t a n t * I f  t h e  
e l e c t r o n  d o es  n o t  g e t  s c a t t e r e d  i t  makes a  r e v o l u t i o n  i n  
a  p e r i o d  w h ich  can  be o b t a i n e d  from  ( 5 *1 ) a s
g  -  ( 5 . 2 )
w here  t h e  i n t e g r a l  i s  o v e r  t h e  e n t i r e  o r b i t  and  we h av e  
assum ed a l l  o r b i t s  t o  be c lo s e d *  v±  i s  t h e  com ponent o f  
t h e  v e l o c i t y  v^ i n  a  p l a n e  n o rm a l t o  a t  t h e  p o i n t  k^  and  
i s  t h e  c o r r e s p o n d in g  c y c l o t r o n  f re q u e n c y , ,  I n t r o d u c i n g  
a  p h a se  v a r i a b l e ,  4>, d e f i n e d  by
U>ch
d> = -2y
eBn J
n—  ( 5 . 5 )
V1
w e  o b t a i n ,  c o m p a r i n g  ( . 5 . 1 )  a n d  ( 5 . 3 )  [ d a m a n  (1 9 6 4 )  p . 252]
S  = ^ o -
F o r  a  c o m p le te  r e v o l u t i o n  i> = 2 n 0 From (5 * 1 )
t h e  te rm  - ^ ( vaB ) | |*  i n  t h e  B o ltzm ann  e q u a t i o n  can  be  r e -
O /v,
p l a c e d  by  so  t h a t  ( 2 02 ) may now be w r i t t e n  a s
Yg(r,<i>) + r - v . | f ( r , < | ) )  + § f ( r , < t )  
o ~
( 5 - 5 )bu^rs' ^  ^
w here  Y = ( l + i w c r ) / ^ t r 0
J o n e s  and S ond he im er (1 9 6 4 )  have  s o lv e d  ( 5 - 5 )  i n  'fclie 
i n t e r i o r  o f  a  r e g i o n  V bounded  by  a  s u r f a c e  S, a d o p t i n g  t h e  
m ethod  o f  MacDonald and S a r g i n s o n  (1 9 5 0 )  f o r  m aking  a t r a n s .  
f o r m a t io n  o f  c o o r d i n a t e s „ The s o l u t i o n  t h e y  o b t a i n e d  i s
g(r ,4>) = exp f -  ' ‘Y U l ) d < tA g ( r - j j -
J o„
d)
v(d>' )d(j> ’)
1
n4>
+ exp -
1
4>
4).
Y(4>" )d<l>"'\ E lv --h
p4>
( 5 .6 ) .
W) Jct>
w here
v(d>" ) d<t>1T) .v(c|) ’ )dd) 1 ,./V I r\.
( 5 . 7 )
<J)q b e in g  t h e  g r e a t e s t  v a l u e  o f  ^  l e s s  t h a n  <|> s a t i s f y i n g
s.-4 v-(4>1 )d(|) ’W ' '* Ks ’ ( 5 . 8 )
w here r ^  i s  t h e  p o s i t i o n  v e c t o r  o f  any p o i n t  on t h e  s u r f a c e .S  
Dhe c o n d i t i o n  ( 5 . 7 ) e n s u r e s  t h a t  t h e  i n t e g r a l
E ( r  -  f t-\  Vv U)O vj
v(4>")d<l>n)
d>f
i n  ( 5 0 6 ) i s  n e v e r  e v a l u a t e d  o t h e r  t h a n  i n s i d e  t h e  m e t a l
I f  ( 5 - 8 )  h a s  no s o l u t i o n  t h e r e  i s  no r e s t r i c t i o n  on <|>1
When ( 5 0 8 ) h a s  a  s o l u t i o n ,  i t  i s  c o n v e n ie n t  t o  t a k e  4>-^ =4>q 
so  t h a t  a  s o l u t i o n  f o r  ( 5 *6 ) may be w r i t t e n
g(r,d>) = exp^_
~ Pd>
Y(d)1 )dcl) ’ j s ( ^ > d ) 0 )
0
(5 .9 )
+
d>
exp / -
0
Y(4)")d4»"'\s/r_U-
V  ' V
p4>
4>'
v(d>M)dd>") .v(d>1 )dd>1'V / /V
and  g ( £ s ,d>0 ) can  be e l i m i n a t e d  by  u s i n g  b o u n d a ry  c o n d i t i o n s ;  
f o r  exam ple  f o r  d i f f u s e  ^ s c a t t e r i n g  a t  t h e  s u r f a c e
S(4 s ’4 ) = ° '
When (5 « 8 )  h a s  no s o l u t i o n  t h e  c o n d i t i o n
g(r,d>+2T<9 = g(r,d>)
can  be  u s e d  t o  e l i m i n a t e  d>-^  and  t h e n
( 5 d 0 )
( 5 .1 1 )
g(r,d>) = ev
W ( e 2 * h l )
1 i>+2n
x
d>
exp - ^ 4 > " ) a < l > ' 'W r  i  
4>' h r  ^
fid>
u
( 5 . 1 2 )  
v(4>" )d<|>) .  v(4>' )d4>1 ,
w here  T
r>d>+27u
Y(4)1 )d.<b
F o l lo w in g  J o n e s  and S o n d h e im e r ,  we c o n f in e  o u r s e l v e s  
t o  q u a s i - f r e e  e l e c t r o n s  w i t h  e f f e c t i v e  mass m*, t h e n
v  = ftk /m : rv
and  t h e r e f o r e
0dkv,
m (rK.dk 
ft T k
_  '1 ”  V. -J.
From ( 5 - 2 )  and (5<>13) we d ed u ce  t h a t
27m* 
ft “ ( 5 . 1 3 )
U> = --e B  /m *c . o o ( 5 . 1 4 )
I f  we a s s u m e ' th e  e l e c t r o n s  t o  be h i g h l y . ' d e g e n e r a t e , | v |  
and  k) a r e  c o n s t a n t  on t h e  Ferm i s p h e r e .  When V i s  t h e
r e g i o n  b e tw ee n  two p a r a l l e l  p l a n e s  z=0 and z=d, (5 « 8 )  t a k e s  
t h e  form
w here zg i s  any  v a lu e  o f  z a t  t h e  s u r f a c e ,  t h a t  i s  a t  e a c h  
o f  t h e  p l a n e s  z=0 and z=d . I n  o u r  c a s e ,  due  t o  t h e  boun d ­
e d n e s s  o f  t h e  sp e c im e n ,  t h r e e  d i s t i n c t i v e  r e g i o n s  i n s i d e  
t h e  sp ec im en  e x i s t  w h e re a s  i n  t h e  c a s e  o f  J o n e s  and  S o n d h e im er  
o n ly  two c o r r e s p o n d in g  r e g i o n s  a r e  o b t a i n e d .  T hese  c a n  be 
d e te r m in e d  by  c o n s i d e r i n g  s o l u t i o n s  o f  ( 5 .1 5 )  w i th  t h e  
a p p r o p r i a t e  b o u n d a ry  c o n d i t i o n s .  P u t t i n g  z =0 i n  (5 * 1 5 )  
we h a v e ,  t a k i n g  4> t o  be one o f  a  s e t  o f  p o l a r  c o o r d i n a t e s  
(v ,0 ,( |) )  su c h  t h a t  v  = vn  w here
n.x cosG,
sin©cos<|>,
n z sinO sinc t
( 5 . 1 6 )
T h is  h a s  a  s o l u t i o n  i f
/  v s in©Z ~rr----- (l~COS(l>) . ( 5 d ? )
P u t t i n g  z=d i n  ( 5 . 1 5 )  we hav e
z + ( c o s ^ - c o s ^ )  = d ,
o
( 5 . 1 8 )
and  t h e  c o n d i t i o n  f o r  a s o l u t i o n  t o  ( 5 .1 8 )  t o  e x i s t  i s
z ^  d -  ^ g ^ ( l +cosd))0 
o
(5 .1 9 )
I n  t h e  r e g i o n
(1-coscj)) < z < d -  Z S iS & d + c o s * )v s inG
 ~
( 5 .1 5 )  lias  no s o l u t i o n .  We n o t e  t h a t  i t  i s  p o s s i b l e  f o r  
d -v s in © (l+ c o s< |) ) /6 ^  t o  become n e g a t i v e ;  t h i s  c a s e  i s  con ­
s i d e r e d  l a t e r  on .
The p r e v i o u s  a rg um en t i s  i l l u s t r a t e d  i n  f i g u r e  i i , 
w h ich  a l s o  p r o v i d e s  a  g e o m e t r i c a l  i n t e r p r e t a t i o n  o f  t h e  
a n g le s  G, (j) and c|>q a s  f o l l o w s .  U nder t h e  i n f l u e n c e  o f  t h e  
m a g n e t ic  f i e l d  Bq , w h ich  i s  t a k e n  t o  be a lo n g  t h e  x - d i r e c - ,  
t i o n ,  t h e  e l e c t r o n  t r a j e c t o r y  a t  an a n g le  0 w i t h  t h e  x -  
d i r e c t i o n  i s  an  h e l i x  whose p r o j e c t i o n  i n  t h e  y - z  p l a n e  
i s  a  c i r c l e  o f  r a d i u s  r  = r Qsin@ where
o o *
i s  t h e  c y c l o t r o n  r a d i u s .  C o n s id e r  an e l e c t r o n  l e a v i n g
t h e  s u r f a c e  o f  t h e  sp ec im en  a t  z=0 [ f i g u r e  ( i i ) ] ; a t  a
d i s t a n c e  z from  t h e  s u r f a c e ,  t h e  e l e c t r o n  a t  a  p o i n t  i n  i t s
an axis Hvroujh/
t r a j e c t o r y ,  i s  a t  an  a n g le  d> w i t h ^ t h e  c e n t r e  o f  t h e  o r b i t  
and t h e  i n s t a n t a n e o u s  d i r e c t i o n  o f  i t s  m o tio n  i s  g i v e n  by  
(6,<i>). 4> i s  t h e  v a lu e  o f  $> when t h e  e l e c t r o n  was l a s t
a t  t h e  s u r f a c e .  Prom f i g u r e  ( i i )  i t  i s  e a s i l y  s e e n  t h a t  
f o r  t h e  o r b i t  t o  i n t e r s e c t  t h e  t o p  s u r f a c e  z=0 and a v o id  
c o l l i s i o n  w i th  t h e  b o tto m  s u r f a c e  z=d we m ust have
z ^  r(l-cos<l>)
o r  z <: - —-—-“ (I cos(j>), ( 5 . 1 7  b i s )
o
f o r  a l l  v a l u e s  o f  i>0 S i m i l a r l y  f o r  an o r b i t  t o  c o l l i d e  
w i t h  t h e  s u r f a c e  z=d o n l y ,  t h e  c o n d i t i o n  t h a t  m ust be  
s a t i s f i e d  i s
( 5 .1 9  b i s )
f o r  a l l  v a l u e s  o f  4>. I n  t h e  r e g i o n
(l+cosci))
an  o r b i t  i s  c o m p le te ,  t h a t  i s  i t  d o e s  n o t  i n t e r s e c t  any  o f  
t h e  b o u n d in g  s u r f a c e s  and  t h e  l i m i t s  o f  i n t e g r a t i o n  i n
( 5 .1 5 )  a r e  i> and (j>+27i (w h ic h  i s  j u s t  t h e  c o n d i t i o n  f o r  
co m p le te  r e v o l u t i o n  a s  m e n t io n e d  e a r l i e r ) . The t h r e e  
d i s t i n c t  r e g i o n s  d i s c u s s e d  above a r e  i l l u s t r a t e d  i n  f i g u r e  
( i i i ) .  S i m i l a r  g e o m e t r i c a l  a n a l y s i s  h a s  b e en  p e r f o rm e d  
by Chambers (1 9 5 0 )  f o r  c a l c u l a t i n g  t h e  e l e c t r i c a l  c o n d u c t ­
i v i t y  o f  t h i n  w i r e s  i n  t h e  p r e s e n c e  o f  a  l o n g i t u d i n a l  mag­
n e t i c  f i e l d ,  and  r e c e n t l y  by  M cG ill  (1 9 6 8 )  f o r  m e t a l l i c  
t h i n  f i l m s  i n  t h e  same geometry*,
From e q u a t i o n s  (5 * 1 6 )  and ( 5 . 1 8 )  we se e  t h a t  i f
f o r  g iv e n  z and ©, i t  i s  p o s s i b l e  t o  s a t i s f y  e i t h e r  ( 5 - 1 7 )  
o r  ( 5 .1 9 ) o  The g r e a t e s t  v a lu e  o f  ^  l e s s  t h a n  i n  e a c h  
c a s e  i s  t h e n  g iv e n  from  ( 5 .1 6 )  by
a > 2 v s in 6  
^ o
cos poos* + :5iS55)
CO zo ( 5 . 20 )o
i n  t h e  r e g i o n  g iv e n  by ( 5 .1 7 )  f o r  a l l  v a l u e s  o f  i> an d  from
n CO(d-.z)
<t0 = ~ COS’" ( cos(j> -  f o r  (|><7i ( 5 .2 1 )
C O (d-z)
and  $>0 = 27i -  cos~  (cos4> _ •— g ^  •) f o r  ( 5 - 2 2 )
i n  t h e  r e g i o n  g iv e n  by  ( 5 .1 9 ) »  The i n v e r s e  c o s i n e  l i e s
b e tw ee n  0 and  ti:. How ever, i f
a < 2vsinQ  
(OO
b o th  ( 5 -1 7 )  and  ( 5 .1 9 )  can  be s a t i s f i e d  s i m u l t a n e o u s l y .
The g r e a t e s t  v a lu e  o f  S' l e s s  t h a n  c|> c an  t h e n  be  d e te r m in e d  
from  f i g u r e  ( i v )  a s  f o l l o w s
( a )  z < - -f- " — ( l-c o s ( |) ) :
1 CO z
, 4>0 = c o s ’" ( c o s i  + VsinG' ) ’ (5 « 2 3 )
and
( b )  z > Z S iS S ( i_ c o s * ) :
4>o = — c o s ’" ( coscj) + —-V-Q-) ( 5 . 2 4 )
f o r  0<cJ)<7c,
( c )  z > d -  - ( l + c o s j i ) :
o
1 CO ( d - z )
d>0 = 2tt -  cos'" ( cos<j) -  * ( 5 . 2 5 )
and
(d )  z < d -  S S iS S d + c o s d ) ) :
w o
<t>0 = c o s - 1 (cos<|, + ( 5 . 2 6 )
f o r  %<b<2n0 We now c o n s i d e r  two s p e c i a l  c a s e s :
( i )  d  >  2 v / ooq 0
I n  t h i s  c a s e  t h e  c o n d i t i o n  d > 2 v s i n 0 / c ^  i s  s a t i s f i e d  f o r  
a l l  v a lu e s  o f  9 b e tw ee n  0 and  tc.
( i i )  d < 2 v /6 0 q o
The c o n d i t i o n  d > 2 v s in 0 /u ^  i s  s a t i s f i e d  i n  t h e  r a n g e
0 < © < s i n “ ^ ( & £ d /2 v ) ,
and  % ~ s i n “ ^ ( ^ d / 2 v )  < 0 < tc.
How ever, i n  t h e  r a n g e
s i n  © i s  f a i r l y  l a r g b  and  t h u s  r  = r Qs i n 0  can  be  q u i t e  
l a r g e o  C o n s e q u e n t ly ,  f o r  s u f f i c i e n t l y  l a r g e  v a l u e s  o f  
s i n  0 t h e  d i a m e t e r  o f  t h e  o r b i t  can  become b i g g e r  t h a n  
t h e  t h i c k n e s s  o f  t h e  f i l m ,  c a u s in g  t h e  o r b i t  t o  i n t e r s e c t  
b o th  s u r f a c e s .  T h is  i s  i l l u s t r a t e d  i n  f i g u r e  ( i ) .  I n  
t h i s  c a s e  we s h o u ld  e x p e c t  t o  o b s e rv e  a  s i m i l a r  e f f e c t  t o  
t h e  O antm akher e f f e c t  d i s c u s s e d  i n  s e c t i o n  ( 2 .4 ) *
We assume a f r a c t i o n  p o f  t h e  e l e c t r o n  a r r i v i n g  a t  
t h e  s u r f a c e  o f  t h e  f i l m  t o  be  s c a t t e r e d  s p e c u l a r l y  w h i l e  
t h e  r e m a in d e r  i s  s c a t t e r e d  d i f f u s e l y .  F o r  p=0 t h e  b o u n d a ry  
c o n d i t i o n  i s
s i n  'L(6))d / 2 v )  < © < tc _ s in -^ ( C O d /2 v )  ,
( 5 o l 0  b i s )
( b ° 9 )  t h e n  g i v e s
( 5 . 2 7 )
and from  ( 5 .1 2 )  we o b t a i n
g(z,<|>) ev2riY
o
x
$+2n
J<l>
<1>)E cos(|)~cosc|)' ) ]  *n ( c t ' )d(|>1 •rv OJ 'VO
( 5 .2 8 )
F o r  an a r b i t r a r y  p Jo n e s  and  S ond he im er u s e d  t h e  b o u n d a ry  
c o n d i t i o n
i n  t h e  r e g i o n  g iv e n  by ( 5 . 1 7 ) °  I n  o u r  c a s e ,  due t o  t h e
f i n i t e  s i z e  o f  o u r  sp e c im e n ,  c o n d i t i o n  ( 5 . 2 9 )  a t  one o f
t h e  p l a n e s  z=0 o r  z=d a lo n e  may n o t  be  s u f f i c i e n t  t o  e n a b le
u s  t o  e l i m i n a t e  g ( z  , )  from  ( 5 . 9 ) .  T h is  i s  b e c a u s es o
t h e  e l e c t r o n s  s u f f e r  m u l t i p l e  s c a t t e r i n g  a t  b o th  p l a n e s  
and  t h e  p a t h  t h e y  t r a v e l  b e tw e e n  two s u c c e s s i v e  s c a t t e r i n g  
e v e n t s  m ust be  t a k e n  i n t o  c o n s i e r a t i o n 0 T h is  i s  i g n o r e d
i n  t h e  c a s e  o f  a s e m i - i n f i n i t e  medium0 C o n s i d e r in g  i>Q
t o  be  t h e  v a lu e  o f  when an e l e c t r o n  c o l l i d e s  w i t h  t h e  
p l a n e  z=0 we have  from  (5 1 9 )
g ( z s ,<t>0 ) = p g ( z s , 2 jc_<|>0 ) ( 5 . 2 9 )
and  o b t a i n e d
g(z,d>) = eY^ ° “ (*>^ g(0,(l)o )
eY(<|> - i >)E [ z+.Y_§jj?-.Q(cos(j)-cos(|) ‘ )]  «nC<1>1 )d<l>1.
> ^  o ^
0 ( 5 . 3 1 )
U s in g  t h e  b o u n d a ry  c o n d i t i o n  ( 5 . 2 9 ) ,  ( 5 . 3 1 )  becom es
ev
U0J
g(<z,4>) ,= peY^ O “ ^^g(0,2Ti-c|) )
ev
to
*  ^(<i> [ z+X § iE § (00S(|)_ C0S(J) * )"] =n(<t>' )<3.4>' .
( 5 - 3 2 )
r \.
At t h e  n e x t  c o l l i s i o n  w i th  t h e  p l a n e  z=0, 4>=27i:—(l>o and  from  
( 5 .3 1 )  we have
g(0,2Tt-4>o ) = e e(d,<P0 )
ev
UL
r2x-d) Y C<t>1 — ( 2tl—4) )3 
e
KF. ( 5 . 3 3 )
x  E ^z+" -7^ ™ (cos<|)-»cos<|) * )1 .n(4> ' )dj>'
where <Fq i s  t h e  v a lu e  o f  a t  t h e  p r e v i o u s  c o l l i s i o n  w i t h  
t h e  p la n e  z=d . A gain  u s i n g  ( 5 . 2 9 ) ,  (5 * 3 3 )  can  be w r i t t e n  
a s
g ( 0 , 2 tc—4>o )
Y [ I  -(2iu-<b )]
= pe g(d,27t-<|)0 )
+ ev
4 ) .
2tt-<L Y C 4 > 1 — ( 2 tc—4> ) ]  
e
( 5 . 3 4 )
x  E[^z+—^ ~ (cos<|)-cos(|)1 ) ]  . n ( j ) 1 )dj>1/v Ujj •L /v
W ith  t h e  u s e  o f  ( 5 .2 9 )  and  ( 5 .3 1 )  we o b t a i n
g(d,2ii:-$"o )
Y[cb . ( 2 t: - I  )]
* pe o g(0,27c-d>o )
+ ev
"* 211-? Y [4>1 -  ( 2n_$ ) J
e
f ( 5 .3 5 )
x  ECz+^iS^(cos<|>-oos<l1' ) ] . n ( ( l l ')<i<l)'f'X 60
S u b s t i t u t i n g  f o r  g C d ^ T i - ^ )  from  ( 5 ,3 5 )  i n t o  ( 5 . 3 4 )  we 
o b t a i n  an e x p r e s s i o n  f o r  g(0,27c-.<|)o ) and when t h i s  i s  i n s e r t e d  
i n  ( 5 - 3 2 ) t h e  r e s u l t i n g  e x p r e s s i o n  f o r  g(z,<|)) t a k e s '  t h e  
form
g(z,<l>) s z f p 2
2 7 C - ?
d>
° e Y^  “ ^ E  [~z+— ( cos(|)-.cos(|)' ) ]  .n(<|>1 )d4>1
2 ( te- c|> )  * pe v *0 '
2tc—-4>° eY (4>1 -<l>)
x Efz+'V-^ j -— (cosc|)-cos(|)1 ) 1 0^ ( 4?1 )d(|) *]
/^ V
~ P !]
- 1
+ ev
W0U
<t Ye • v-r - <t ) ^ [ 2+y s in § .(Co S([)^ COS(|) 1 ) j  „n ( 4) * ) cicj)1 o
( 5 . 3 6 )
The c u r r e n t  d e n s i t y  J  i s  o b t a i n e d  by  s u b s t i t u t i n g  t h e/v/
r e l a t i o n s h i p  (2 „ 3 )  i n t o  ( 2 . 9 ) ,  w h ich  g i v e s
>\v? v
a f
( 5 - 3 7 )
U s in g  (2 „ 4 )  and v^ = i ik /m * , ( 5 .3 7 )  i s  e q u i v a l e n t  t o
J(z) = - em'
47u^h^ vj
o s f ^  
gv ( j ^ r ) d v ( 5 - 3 8 )
w h ich ,  i n  p o l a r  c o o r d i n a t e s  t a k e s  t h e  form
J (z )<v
em‘ P oo o f v ( — -)d v  
0  a v
*-2  enr v
4-7E^h  ^JO
\j
0 2ti
n 7c
sinGd©
0 «
P27t
0 x e d<t>
sin© d9
JO
g(z,<|>)nd<|>,/v (5 .3 9 )
w here t h e  i n t e g r a l  o v e r  v  h a s  b e e n  c a r r i e d  o u t  e x p l i c i t l y  
u s i n g
r> oo o f
G (v ) ( — -)d v  
0  9V
= G (v.), ( 5 . 4 0 )
w h ich  h o ld s  f o r  a  d e g e n e r a t e  g a s ,  v  b e in g  t h e  v e l o c i t y  a t.  
t h e  s u r f a c e  o f  t h e  Ferm i d i s t r i b u t i o n .  S in c e  g(z,4>) i s  
a  f u n c t i o n  o f  e l e c t r i c  f i e l d ,  t h e  r e l a t i o n  ( 5 - 5 9 )  i s  t h e  
r e q u i r e d  n o n - l o c a l  r e l a t i o n s h i p  b e tw ee n  t h e  c u r r e n t  d e n s i t y  
and t h e  f i e l d .  S p l i t t i n g * t h e  i n t e g r a n d  i n t o  r e s p e c t i v e  
r e g i o n s ,  ( 5 .5 9 )  t a k e s  t h e  form  w hich  w i l l  be u s e d  h e n c e ­
f o r t h
( i )  F o r  d > 2v/6J
2 -2r s „ \  em v z ;  = — 5—v
47c5h 5 J
7r
s in 0 d 9
A d.
0
v s inQ
f* 2tt
v s i n © / T ___n —r : — Cl-coscJ);
0
d<U
cao
0
g( z , <t)dz
(l+cos<l>)
o g( z , 4>)dz + > d
vs in©
0JL ( l - c o s i ) vj
d-'v sinQ  U
g ( z ,d ) ) d z  ,
( l  + COS(|))
o
( 5 . 4 1 )
( i i )  F o r  d < 2v/&£
J ( z )
2 —2em v
4- [{
s m - l wo^2V n
sin© d 0  +
7T
^0 Tu-sm ~2v
sin0d© J,
x d
^ v s in 0 /T   nr>- —(, j_cos<p)
0 IJo
COL
g(z,< |))dz
^ d J r | i n 0 ( i +cos4))
+ .
v sinO
g ( z , <j>)dz
60o
(l_COS(|))
n d
+
u d _ v s in G (l+C0S(t)
l 6)od
g(z,<|>)az
+
1• —1  Os i n  ^
ft d
dd) 
o U0
g(z ,c |))dz]  ? (5 .4 -2 )
w here  t h e  v a l u e s  o f  g a r e  g iv e n  by
( i )  ( 5 . 2 7 ) i n  t h e  i n t e r v a l  z=0, ~ P ~ ^ ( l - c o s ( | ) ) ,
o
( i i )  ( 5 .2 8 )  i n  t h e  i n t e r v a l  z=—f -^ 1-  ( l - c o s d ) )  , d~ •( 1 +c o s  4>) ,CO.
( i i i )  ( 5 . 2 7 ) i n  t h e  i n t e r v a l  z =d~— -dn-Q( l+ c o s j ) )  , d .  ( 5 - 3 9 )
U>.o
The a p p r o p r i a t e  v a lu e s  o f  <|> i n  t h e  d i f f e r e n t  r e g i o n s  a r e  
g iv e n  by  ( 5 . 2 0 ) ,  ( 5 - 2 1 )  and ( 5 . 2 2 ) .  I n  t h e  c a s e  d < 2y/U>q  
t h e y  a r e  o b t a i n e d  from  ( 5 . 2 5 ) t o  ( 5 . 2 6 ) .
I n  t h e  n e x t  two c h a p t e r s  we s h a l l  s u b s t i t u t e  t h e  n o n — 
l o c a l  r e l a t i o n s  (5 .4-1) i n t o  t h e  e x p r e s s i o n  (5-34-) f o r  t h e  
v a r i a t i o n a l  i n t e g r a l  and u s e  t h e  v a r i a t i o n a l  p r i n c i p l e  
i n  t h e  form  o f  ( 3 .6 7 )  t o  o b t a i n  a p p r o x im a t io n s  f o r  X a n d  Y.
— 64 ~
i
Zr
7TT
F i g .  2 .  0 i s  t h e  c e n t r e  o f  the- e l e c t r o n  o r b i t ,  4> i s  t h e
a n g le  w hich  a p o i n t  P on t h e  o r b i t  makes w i th  OA. . cj> i s
t h e  v a l u e  Q f  i> w h e n  P i s  a t  t h e  s u r f a c e  (P  ' ) •  r  = " T r ~
o
i s  t h e  c y c l o t r o n  r a d i u s .
-  65 -
■?=o
V i  - 7 ' “ :  “
(j>Q- Cos (c<x<j!>-t teoz/vsinje')
2 : = VSt'ft '&f j l -  Ca$>d>)__
60 o  '
z -  d -vsmed.+.Cosfy ____________________________
<^KK ; (j>0~ Coi(Ccij- £Oo((/-?)/B»a),
■ (f>>H- : <fo~ 2X — C<rsVc<rS<6- U0o{d-2)/v%w.e)
Z = d
P i g .  3* The t h r e e  d i s t i n c t i v e  r e g i o n s  i n s i d e  t h e  f i l m  
f o r  t h e  c a s e  d > 2 r Q. T hese  a r e  t h e  s u r f a c e  r e g i o n s
. 0 < z < 2 ^ s e ( i_ C0S(i))
o
and d -  (l+cosci)) < z < d ,
o
and t h e  c e n t r a l  r e g i o n
vsin©/-, _ i \  .  ^ , v s in © / ,  i \
— r r — - C l - C O S Q ;  <  Z <  d  -  —r-r ( l  +  COS<p) ,
“ o 4>
where no c o l l i s i o n s  -w ith  t h e  s u r f a c e  o c c u r .
F i g .  4-. The o v e r l a p p i n g  s u r f a c e  r e g i o n s  f o r  t h e  c a s e  d < 2 r Q.
CHAPTER 6
THE CASE d »  2 r  -----------------------------o
We t r e a t  f i r s t l y  t h e  c a s e  d >  2 r Q , w here i n  t h e  l i m i t  
o f  z e ro  m a g n e t ic  f i e l d  e x a c t  r e s u l t s  f o r  a s e m i - i n f i n i t e  
medium a r e  known [D in g le  (1 9 5 3 ) ]«  T h is  s h o u ld  p r o v i d e  a  
c h ec k  on t h e  v a l i d i t y  o f  o u r  t h e o r y  i n  t h i s  l i m i t  a t  l e a s t .
We c o n s i d e r  a  l i n e a r l y  p o l a r i s e d  e l e c t r o m a g n e t i c  wave 
n o r m a l ly  i n c i d e n t  on t h e  s u r f a c e  o f  t h e  f i l m ,  w i th  t h e  
e l e c t r i c  v e c t o r  m aking  an a r b i t r a r y  a n g le  X w i th  t h e  mag­
n e t i c  f i e l d  B , w hich  i s  i n  t h e  x - d i r e c t i o n .  I n  t h i s  n.0
g e o m e try ,  a s  h a s  b e e n  sh orn  i n  C h a p te r  4 ,  t h e  h i g h  d e g re e  
o f  sym m etry e n a b l e s  u s  t o  s e l e c t  p r i n c i p a l  a x e s  a lo n g  and  
p e r p e n d i c u l a r  t o  t h e  x - d i r e c t i o n .  By r o t a t i n g  t h e  a x e s  
t h r o u g h  % a b o u t  t h e  z - a x i s  we o b t a i n  t h e  f o l l o w i n g  r e l a t i o n s  
b e tw e e n  the com ponen ts  o f  o f  and ( o m i t t i n g  t h e  s u f f i x 60)»A# A .
■ r J  -  ( 6 . i )
• 7  -  ( s . a
J j  -  s ; , iz \  x  7 y z 
so  t h a t  from  ( 3 - 7 )  ( 3 - 8 )
= € , £ T = £ , = _£^ x  x  y . y* z z
( 6 . 3 )
and
% .■ £ -  (6 -* >
Vie c an  now t r e a t  t h e  two c a s e s  o f  l o n g i t u d i n a l  (A=0) and  
t r a n s v e r s e  ( \ = n / 2 )  p r o p a g a t i o n  s e p a r a t e l y .  S u b s t i t u t i n g  
f o r  t h e  c u r r e n t  d e n s i t y  J  g iv e n  by  (5 » 4 1 )  i n t o  (3<>34)
w i th  t h e  a p p r o p r i a t e  v a l u e s  o f  g o b t a i n e d  from  (5*>39) we
h a v e ,  w i th  t h e  u se  o f  t h e  r e l a t i o n s h i p  ( 6 . 4 ) ,  f o r  d > 2v/&>
w>L
2 e (xf c 2 ( _) l
0 {<— > dz
i^Oernv^
+ 2*3%, c h <
s in 0 c o s  0d©
0 0
d(t
x
r>vsin0g p K l - c o s i f c )  n d>
o dz
b U iz
6 0 z )
X 8 [ z + y f ~ - ~ ( c o s d ) - c o s ( l )  ’ ) ] d(i)
WjUX
+ 1®ZE
„ y s i n 0 ( ^ _ coS(j)) Wo z
COo dz
0
n 27t“ COS ( 0 0 3 4 ) + ^ ^ )
1
c o s -  ( o o s < t + ? i I H e )
Y ( J)1 —4>)
X ^ (  z )  8 ,  C z + ^ g ^ (  c o sck c o sd ) ' )]  d4) ^
U)nz
x  l e 2 T ^ - c o s -  ( c o S<i»+_ ^ ) ]
- 1
f* a ^ s e (1+Co S*)
o dz
v s i n e (l_cos4>)
v s i n 0  
^4>+2tc ^ ( ^ ’-(t))
■)
e
<!> ( e 27tr- l )  x
£ ( z )
x  C2-*— c o s 4 > —c o s < l ) 1 )  J&4>Xw UJ_
n d
dzd_ v s i n e ( l +cos(1))
60 w
^  /w* \ Y(d) ’ _(t>), •  W ( d - z )  e
27t_cos- (co sd it- r ^ g g - )
x  £ ( z )  £  C z+^^^f^Ccos^-cosd, * ) ]  d-cb
X  X o
f 'd
d _ V S H 1 0 ( 1 + OO^ )
dz
C J (d -z )
f ' c o s -  ( c o s 4 n -  y g - g g - )  e Y ( 4 , ' _ 4  
27c-cos-1 (cos4>+^ ^ | b
( c o n t d . )
-  oy  -
x e
2T [-x + c o s" 1 ( c o s ( |)+ -^ |j~ |^ ) l  s -1
-  p)
( 6 . 5 )  J
f o r  t h e  l o n g i t u d i n a l  c a s e  and
cor
p d  d £ ( z )   ^ Git £  ro  o
[ - 5 i — 1 -  " ^ [ ^ ( z )  -  k ? ( z ) ]  dz
0 2 y
i ^ e 2m2v 2 
Tc2 c 2^  o
nTt
K)
sin^Qd©
02x
JO
deb
x
X
v s i n 8 (1-C0S<1>)
0
r>4>
c o s ^ C c o s i + E ^ ) '  y
( 8  (z )c o s ( |> -£  (z )s in4 > )
(£y Cz!Plli -S®.(cosc|)-cosc|) ’ ) ]  cos<i),
£ z (cosj)-cos<i)1)] sind> ’ *^d<|> ’
+ (£ ?*CO
' • 2 ^ ( l - c o s < t )  p 2 K -c o s  1 (coscl.+^ f 5 e )  Y((j)1_ (|))
^ 1 60 z ^o Jo • J c o s ” (cos(l)-t-—9 ^ )
x  ( £  (z)cosc|>~ £ (z ) s in < ) ) ) f  8  [ z - J ^ t^ ( c o s ( l ) - c o s ( t )  ’ ) ]  c o s i 1 
«y * z \  j Wo
+ £ z [z + ^ ~ ~ (c o s ( l ) -c o s ( l )  * ) ]  Sind) ^  d ^
2Y[7l- c o s - 1 ( c o s * 3 f e ) 3v s inG
- > y
+
a _ 2 § i s £ ( i +00B*) n * +2 ,
dz
v s in Q
wo
( l - C O S ( | > )
4 (e2Tir_l)
X  ^ 6 y ( z ) c O S (])- ^ ( z ) s i n < t > ) ( ^ [ z + ^ £ j ^ ( c O S < l > _ C O S < | >  ' ) ]c O S < i>  1
£  [f 7  W+ o_ z+
vsin©
z 1 60
o
(coscl)-cos(|)1 )1 s i n ^ d ^ 1
n&
+
d_.y-?AR§(i+cos( |))  j 2 K - c o s - 1 (c o s < i )+ -^ T - i^ )
H . vsin©
x  ( £_(z)cos<|)- £ ( z ) s in 4 > ) (  £  Cz+’—y-^ — (cos<|)-eos j>1)]  cos$> y z y ^
+ £  [z+~~-^ — (cosefc-cosj) * )]  s in ( |)!) dj)
ev.
}o o+! w p
p d ^ p c o s ^ C c o s ^ Cf -l^ )
2k—c o s~ 1 ( cos(|)-i
dzd_ v ^ e a + c o S ( t )
O
x ( £  ( z ) c o s c |) - £  (z)s in( |))C  £  [z+ ^~ ~ ^ (co s ( |) -c o sc |)1 )]cos4)
j  z  j  ^
+ £  [ z + S S ^ c o s i - c o s i . '  ) l s i n d ) 1 
^ ^ r E " ^  + tos(Co$fi+ %>(d-z})]  "M ( 6 , 6  )
f o r  t h e  t r a n s v e r s e  c a s e
We now c h o o se  a  sum o f  e x p o n e n t i a l s  a s  a  t r i a l  f u n c t i o n  
f o r  t h e  e l e c t r i c  f i e l d .  The v a l i d i t y  o f  an e x p o n e n t i a l  
t r i a l  f u n c t i o n  t o  r e p r e s e n t  t h e  f i e l d  s t r e n g t h  h a s  b e e n  
d i s c u s s e d  by  Jo n e s  and S o n d h e im er  ( 1 9 6 4 ) ,  c o n f i n i n g  t h e  
d i s c u s s i o n  t o  t h e  e x tre m e  anom alous r e l a x a t i o n  r e g i o n  o f  
i n f r a r e d  f r e q u e n c i e s  and low t e m p e r a t u r e s .  We s h a l l  assum e 
t h e  e x p o n e n t i a l  t r i a l  f u n c t i o n  t o  be a  good a p p r o x im a t io n  
h e r e  a s  t h e r e .  F o r  t h e  l o n g i t u d i n a l  c a s e  we ch o o se  t h e  
t r i a l  f u n c t i o n
r  -G l z / £  _<rT ( d - z ) / £
l x  =■ o^e L + PLe L , ( 6 . 7 )
w here p  ^ - o ^ d /^
“x, =----------- S T d jT /T '  • ( 6 "8 )
1 + e h
-<rTa / /
C i  -  £ e
h  -  ( 6 *9 )
1 + e
and and a r e  t h e  v a l u e s  o f  t h e  e l e c t r i c  f i e l d  a t  t h e  
p l a n e s  z=0 and z=d r e s p e c t i v e l y .  F o r  t h e  t r a n s v e r s e  c a s e  
t h e  t r i a l  f u n c t i o n s  a r e
£  —07pZ//£ -<Tm (d-Z,)/ £
Oy. = Pqi® > ( 6 0  1 0 )
(6 . 11)
w here and {3^  a r e  g iv e n  by  s i m i l a r  e x p r e s s i o n s  t o  ( 6 . 8 )  
and  (6 « 9 )  w i th  r e p l a c i n g  cr- .^ The u se  o f  f o u r  p a r a m e t e r s  
% -po„.5C ^’i n  t h e  r e p r e s e n t a t i o n  ( 6 .1 1 )  r e p r e s e n t s  t h e  m ost 
g e n e r a l  e x p r e s s i o n  o f  t h e  H a l l  f i e l d  £ z a s  a  sum o f  e x p o ­
n e n t i a l  t e rm s  exp ± c ^ z /£  w i th  t h e  c o e f f i c i e n t s  l i n e a r  i n  
£ o and &d . The v a r i a t i o n a l  p r i n c i p l e  (3 o 6 7 )  w i t h  t h e  
e l e c t r i c  f i e l d  g iv e n  by  t h e  e x p r e s s i o n s  ( 6 . 7 ) ,  ( 6 . 1 0 )
( 6 .1 1 )  i s  t h e n  e q u i v a l e n t  t o
( ^ )  = 0  ( 6 . 1 2 )
f o r  l o n g i t u d i n a l  p r o p a g a t i o n  and
= c aX l ;  = aX 2  = c ® v  = =
(6 .13)
f o r  t r a n s v e r s e  p r o p a g a t i o n .
U s in g  t h e  t r i a l  f u n c t i o n  ( 6 . 7 )  f o r  £  we havex
vsin©
-*°TZ^ § ^ ( C0S(1)- C0S(I) * ) - 0 1 4
+ e L ] e L£-
( 6 . 1 4 )
I t  i s  shown i n  a p p e n d ix  A t h a t ,  b e c a u s e  a l l  t h e  i n t e g r a l s
i n  ( 6 „ 5) a r e  i n v a r i a n t  u n d e r  t h e  t r a n s f o r m a t i o n s  z —^ d - z ,
2 2d> - f  d> -te and (j)1 —^ 4> * —7c, t h e  c o e f f i c i e n t s  o f  and  j3  ^ i n  
( 6 .1 4 )  a r e  t h e  sam e. U s in g  t h i s  p r o p e r t y  o f  i n v a r i a n c e ,  
t h e  i n t e g r a l s  i n  ( 6 . 5 ) c an  be r e d u c e d  and  a f t e r  s im p le  
m a n i p u l a t i o n  a s  shown i n  t h e  a p p e n d ix ,  r e d u c e s  t o
.. crT 0 0 -2cfTd / ^  crT 2 -crTd / ^
^60L = ^ ‘T ‘^ 0CL+^ L ^ 1“"e  ^ “ 2ocl Pl ^ T ^  de
* T o o  -2crTd / ^
+ U o1 ? ( (CXl+Pl) CG(<rL)+e S ( - ° L »
-01 d A  9
+ 20^-j-e  ^  [H(crL )+ H (-a L ) ] j .
( 6 . 1 5 )
Here
a  = 6 i e 2m2v 2^ ^ A c 2h ^  = 3^2/2 S ^  = 3nNe^£‘ld tj/m c2 ,
( 6 .1 6 )
i s  t h e  p a r a m e te r  w hich  c h a r a c t e r i s e s  t h e  an om alous  s k i n  
e f f e c t  i n  t h e  a b se n c e  o f  t h e  m a g n e t ic  f i e l d  Bq [R e u te r  
and  S ondhe im er ( 1 9 4 8 ) ] ,  6 q b e in g  t h e  c l a s s i c a l  s k i n  d e p th  
and £ i s  t h e  mean f r e e  p a t h .  a r e  g i v e n
by
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Wo ^
*
d i
%
siVi/0 urC& a e d f  .
f
*.Vp
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d z
u
t (
t
f
r l f - f )  ) d Jd f
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( 6 . 1 7 )
H O C ) =
VSlua (i-Celf)
K
t
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s w e e p s  de d<j>
w*
n
0I2 1 e (p ^ d<j>
Cv£*(Co<f+ W£>\ V. i vm ej
VSfrkft ( A  -
CJc
t
V PI
r tyfiL- C o t V to 4 + U ) o 2  V| ->
Wc j^ t  ' _ b
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(1 -fc£ i/i -  Cat1 /&i <[> + 
P
t/
GsY&stf-f tJa^  N
L 1 vvmO-/
( g * .  O
f t i / r
/d _  l ^ C ^ f - ^ f ' )  d J
rL  l/0o J I
f ( 6 . 1 8 )
I n  t h e  t h i r d  i n t e g r a l  i n  G(cv) H( ■oj) we have  a l r e a d y  •
c a r r i e d  o u t  t h e  i n t e g r a t i o n  w i th  r e s p e c t ,  t o  z .
U s in g  t h e  t r i a l  f u n c t i o n s  ( .6 .10 )  and  ( 6 . 1 1 )  we o b t a i n
C
/
y
+ ( 1 (  f  
b  (% £. f  X , ^ )  <fr',liSJ<‘rtf - “ f,>
t  L  ^ ( J { U  ♦  X U )  f
P (  X 5 6 .  + X f  U )  t ' ' l^ S <-m t - ‘n f l  ] \  C « p s» k y j'
5 * ,  £ .  + X S i )  ?  ^ f - ^ i
p (  t &  t  X f  £ i )  
i i ^ i  < X , £ .  p X ^
f b ( x , x  f X f U )  ] )  i ^ f '
-  (  { J 1 ‘L t X U j i z^ ) i , ^ a t f ^ > f  '
C K i .  1  Xf i 4  t ' ^ f - ^ >
j(Xi^»f X tXX)(X,,6of X ^ U ) ^ t r i% ?(‘° X ~ ‘° 'f  s- .
( 6 .1 9 )
I n  a  s i m i l a r ,  way a s  f o r ,  ( .6 .5 )  »• b e c a u s e  t h e  i n t e g r a l s  i n  f 
( 5 . 6 )  a r e  i n v a r i a n t  u n d e r  t h e  t r a n s f o r m a t i o n  z —> d - z ,
4> —> 71—4) and  i 1 —^ n—(J>* , we c an  s e e  from  ( 6 .1 9 )  t h a t  t h i s
h a s  t h e  e f f e c t  o f  g r e a t l y  r e d u c i n g  t h e  e x p r e s s i o n .  A pp ly ­
in g  t h e  v a r i a t i o n a l  p r i n c i p l e  i n  t h e  form  o f  e q u a t i o n  ( 6 . 1 3 ) ,  
we o b t a i n ,  a s  shown i n  a p p e n d ix  B
T h is  r e d u c e s  ( 6 . 6 )  f u r t h e r  said a p p ly i n g  t h e  v a r i a t i o n a l  
p r i n c i p l e  once  more,- we d e t e r m i n e ^ ^  and"*^,* w h ich  when r e ­
p l a c e d  i n  ( 6 . 6 )  f i n a l l y  g i v e s  ( s e e  a p p e n d ix ' B)
I t . =
t tl t o j  a  I  i
i
f
7 n^) f iw?% t^))[ ( % ) t I ^ > M K 0 ) \ ]
®(M(<*) t  a*M (-° l)(d N  f $  tor))(Rfc) t  Hbrf’jJ 
[ (WN+ -  Iz^ (Rrx)fRKt))1 ]
-urJi
. I t
Z o t e e /
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f
f R  + R (<rv)J[ t  f  t  ^Kr>y ]
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(NR*) t (RR f R J
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We have  i n  o b t a i n i n g  ( 6 .1 5 )  and ( 6 .2 0 )  n e g l e c t e d  t h e  
s e c o n d  te rm  i n  ( 6 . 5 ) and  ( 6 . 6 )  w h ich  a r i s e s  from  t h e  d i s ­
p la c e m e n t  c u r r e n t .  T h is  te rm  i s  i n  f a c t  e a s i l y  i n c l u d e d  
and i n  t h e  n e x t  c h a p t e r  we s h a l l  i n c lu d e -  i t  i n  t h e  a n a l y s i s ,  
a s  i t  g i v e s  r i s e  t o  e n h a n c e d  s u r f a c e  a b s o r p t i o n  when t h e  
f r e q u e n c y  60 i s  c l o s e  t o  t h e  p la s m a  f r e q u e n c y .
We assume 60 s u f f i c i e n t l y  l a r g e  t h a t  (cr/60-r) i s  s m a l l .  
S in c e  d »  2 r Q, t h i s  d o e s  n o t  im p ly  (c tL /O  s m a l l  a s  i n  t h e  
c a s e  when d / v 2 r  , so t h a t  when we. ex pand  ( 6 . 1 5 ) and  ( 6 .2 0 )  
i n  pow ers  o f  (cr/60-c) we o b t a i n
. 1
f
r r \ t y ) j S i
L A -
A 'r t  ^ ( t «  t ) U ml £ f  ■>iN ilj \  " I  { tsI .X' /  f lh,„Z
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Z t  I Wl rnMlGrfffciw ^K)rf KM^fT'<
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i
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fl
where r ^  v: -2(54 _ r
e  ^ u c r  o
—n r _ r _ r _m ^  r _ r
(J5 \  _ ( ._<?_. \  , ( jzSJ) (SL > _ ( . -QT. q >
v U)Tr ”  ^ v W u; ’ v W c ' ~  ^ u>vJ “  v u;cr 'o o o o  o o
g ^ _ ,  h  ,  i ,  m , n .  q ,  r  .  s w , t ^ . ,  u _ _  are evalu- °rp rp1 rp rp rp rp rp * rp ’ rp7 rp
ated in appendix C. The following relations will prove 
particularly useful
£  = p  =  M g --, ( 6 . 2 5 )
o p  op  3 ( 1 + Y 2 )
m = q .  = — - ts— , ( 6 . 2 6 )
°P op 3(1+Y2)
so that
and
Also
n  = r ~-V, ( 6 . 2 7 )
°P op 3(l+Y2)
2 2 2m q r -n q r
 .  ( J 2 £ )  «. i ,  ( 6 . 2 8 )
n m ^  nopop op *
2 2
  q op.r o,p   _ ( f o £ )  = !  ( 6 . 2 9 )
2mopnopqop-moprop °P
2
m 2T-i nm  / -i «.»2tcY \
h o — I t 1 ■■-% SE = ( ~P»-  g M l + l " ------h _ ) ,  ( 6 . 5 1 )
op 4n^ 2Y 4Y^(1+4Y )(9+4Yd)Jr
-  tfl
2in t-  ni un -
a - ^ k,-£B-L^ . = o. (6.35)
°P toop
We now put ^
f l ( t r L jT ) = ( a 2+(32 ) ( l - e " 2CTl,>T(:2:>) ( 6 .3 4 )
,2 i f -
f2(oL,a?) = (6.35)
From (6.34) and (6.35) we derive the following relationship 
which we shall use shortly [see appendix D]
df  T
(t “ 0  = 2 f p . ( 6 . 3 6 )
aaL ,T  d
U s in g ( 6 . 3 4 ) and ( 6 . 3 5 ) , ^ ^ ,  a r e e q u i v a l e n t  •to
Dtop “
7  ( o )  
J<OL ♦ *o n 0U v
( 6 . 37)
effcXP =■ 3 <°> + + ^ > l w ( T} +
«- 3
( 3 . )  7 ( 3 ) +
0
0 » • 0
( 6 . 3 8 )
w i th
3 $ * -  %  = -2-3■1 ~ aLf 2 *
crTd 
4  j h op} * ( 6 . 3 9 )
_2crT (d/ .e ) J
& iAj°Ll
rf-i (1+ e  ) «
1 -2<rT ( d / ^ )  + 2 f 2 <'d ' ) l  
L ( 1 - e  L )
i p } - ( 6 . 4 0 )
iA
fs2p + ( 6 . 4 1 )
OOOQOOOO
and
and
T
1°)
60 T <- -  2  f. - 2 - 7 ,
t ^ . 1
1 « r ^ f - -  f r11 ) 4 )
^  I flop
( 6 . 4 2 )
rJ
i j  p —
--------------------- !____________________ ( [ i -  O' )  (  TKm'fltpfl/lip')
— <vu
- 2 *,rV r ) f ( 'tV 'P  ‘
(_M«rpm..(>rVp -  My _ MepfyyWip) j- (1-*' 0  C —
t u * r ^ p )  t  t  ^ % p t < r )
i trp
V f
e 1* 4  r « ,  i t (6 .4 -3 )
84 -
w here A -  a./2%CdT50o
We now a p p ly  t h e  v a r i a t i o n a l  p r i n c i p l e  i n  t h e  form, 
o f  e q u a t i o n s  (6 * 1 2 )  and ( 6 . 1 3 )  t o  ( 6 .3 7 )  and  ( 6 . 3 8 ) .  So 
t h a t , i n  t h e  l o n g i t u d i n a l  c a s e , we have
7
< 7 3 ^  = ( - # - )  + . . . .  = 0 .  ( 6 . 4 4 )
l i  Ju Jb O
I n  t h e  z e r o t h  a p p ro x im a t io n  t h i s  g i v e s
a
(0)
( ^ - )  ■ - o (6.45)
h
o r  fn (T-r afn ^ a f 0 p a f
V  -  T *  + iA {< S3£>S0p -  ^  6op
■}+ -  0 -
U sin g  t h e  r e l a t i o n  ( 6 .3 6 (  b e tw ee n  (a f^ /a tf -^ )  and $2  an -^
( C .9 )  f o r  g Qp and  h Qp t h e  above r e d u c e s  t o
f-, o 3fo r f-i 9fo )
V  - -«Lf 2 -  + ° { 2 f 2 -  y  + 2 ( ^ ) j  -  °>
L ■ ( 6 . 4 6 )
w here C = iA g0p = 2 i a / 3 ^ 0,cY. ( 6 .4 6 )  c a n  a l s o  be w r i t t e n
a s
h ( l  Jp + f 2 (-cr1+|g )  + ( ! ^ ) ( . o 2+20 ) = 0
Xi
o f-, f 0 a f 0
o r  ( a L -  2C )(^ 7  -  ^  = °> ( 6 - ^ )
X/
so  t h a t  d e n o t i n g  t h e  z e r o t h  o r d e r  s o l u t i o n  t o  (6.37) by 
0*L^ we have
■f* if 0
( < j £ ° ' / « ) 2 = 2C /£2 a s su m in g  ( - ^  “ o f  "  a ^ ) *  0
O
4-TuNe  ^ iWu  ^ sc na\o r  (<yL / * )  =---------_ ( _ _ )  ( 6 .4 8 )
me
w here  we have  s u b s t i t u t e d  f o r  a  from  ( 6 .1 6 )  and  u s e d  t h e  
r e l a t i o n  Y = ( l+ i6 0 c ) /h ^ tJ .  ( 6 .4 8 )  i s  i d e n t i c a l  t o  t h e
c l a s s i c a l  e x p r e s s i o n  f o r  t h e  p r o p a g a t i o n  c o n s t a n t  w h ich  
can  be o b t a i n e d  from  ( 2 . 2 4 ) ,  ( 2 .1 7 )  and  ( 2 . 1 8 ) ,  when t h e  
te rm  a r i s i n g  from  t h e  d i s p l a c e m e n t  c u r r e n t  i s  n e g l e c t e d .
I n  an  e x a c t ly ,  s i m i l a r  way u s i n g
^  ■ 0
we o b t a i n ,  f o r  t h e  c a s e  o f  t r a n s v e r s e  p r o p a g a t i o n  t h e  
z e r o t h  o r d e r  s o l u t i o n  t o  ( 6 .3 8 )  a s
m2
(<r(°V /)2 " y-- -'- V ?(4p - (6.49)
1 (l+i&Kr)^ p op
U s in g  ( 6 .1 6 )  and ( 6 . 3 0 ) ,  t h i s  e q u a t i o n  r e d u c e s  t o
^ ( 0 ) / ^ 2  47iNe2 , iu)rr N
me
w h ich  i s  a l s o  i d e n t i c a l  t o  t h e  c l a s s i c a l  e x p r e s s i o n  f o r  t h e  
p r o p a g a t i o n  c o n s t a n t .
I n  t h e  n e x t  a p p r o x im a t io n
+ = 0 (6.50)
f o r  l o n g i t u d i n a l  p r o p a g a t i o n  and
for transverse propagation. If the first order solution 
to (6.37) is &&& putting
- ( 0 )
< % 4 >  -  r W ) .  F « ,
Jj ±j O
we have from (6 .5 0) that
F ^ ( c £ ° )  + ( J ^ h  + + cr^1 ^) -  0. ( 6 . 5 2 )
Expanding (6.52) by Taylor's theorem and assuming 
and using the fact that F ^ ^ a j j ^ )  = 0 we obtain
.  - F ^ C O ^ V ^ ^ O ) .  (6.55)
and similarly for cr^^. In the same a p p r o x i m a t i o n c a n  
now be written as
^Wi> = 3 ’w £ )(4 0)+4 1)) + (S )^ )(ffL0)+ 4 l))’(6- ^ )o
which, expanding by Taylors theorem becomes
S u b s t i t u t i n g  f o r  <5*l ) and  from  ( 6 .3 9 )  and
( 6 . 4 0 ) ,  and  n e g l e c t i n g  t h e  te rm  o f  o r d e r  w h ich
i s  v e r y  s m a l l ,  we have  *
i
-.(o), P
Z = fj, -  f 2 + iA,
f t .
W Sop+ 2 f  2h op >
+ ( ( Y ip  [ f l ( l + e - 2 0 V ( c L / ^ / s l p  + 2 f 2 ^ d ^ l p l
A , "'I
(,1-e )
L  ( 6 . 5 6 )
U s in g  ( 6 . 3 4 ) . and  ( 6 .3 5 )  t o g e t h e r  w i t h  t h e  e x p r e s s i o n s  ( 6 . 8 )  
and ( 6 .9 ) »  ( 6 . 5 6 )  i s  e q u i v a l e n t  t o
I  < ■  -  ; s £ (£>l t Ea1 ( i + i ^ ) -
U - t )x
% r
d - i ^ r
I
I
O .T ,
4 f c U
( 1 -  i ^ ’) •
( h i 1* ® )
h r  t
f e/ u /  -c r
( 6 . 5 7 )
p  p  ,
Com paring c o e f f i c i e n t s  o f  (£ q +8 ^ )  and  ( £ q 6^) on t h e  r i g h t  
hand  s i d e  o f  ( 6 . 5 7 )  and (3 * ^ 0 )  we o b t a i n  f o r  t h e  c a s e  o f  
l o n g i t u d i n a l  p r o p a g a t i o n
w / M ® )  It / ( ;r
■ cfl  f  -  1 + -irf,
< - 1  O - e ^ ) ^  ' W  ( 1 - ^ ' ) ’L*
/ <  ^IV u f e f t + c * ^ )  + z i ^ ' d t r ^ ' )  i ,
U 4  ( < _ i ior(^ ) x r * a - i 1™ ) 1- f
( 6 . 5 8 )
and
t c i f  yT
I I  « . ? W )  <r«
±
L ((-<*«
f t p
( 6 . 5 9 )
F o r  t h e  c a s e  o f  t r a n s v e r s e  p r o p a g a t i o n  u s i n g  ( 6 . 5 1 )
w i th  t h e  f i r s t  o r d e r  s o l u t i o n  a s  f and c a r r y i n g  o u t
t h e  same a n a l y s i s  a s  f o r  t h e  l o n g i t u d i n a l  c a s e  we. o b t a i n
t h e  c o r r e s p o n d i n g  X^; and
~ A i\
f  e h  J ( i ~ .
T / 1 A  T 7 ±  J I [o/
f « -  * & )  + J _
‘ x '  Uo.T> -ice  4 x r
/  / - id ev  \ v  /  ,
/  ( j - C  /  C t p W o p -f
_  z  U i j  t i i p )  - j -  % f g ^ V f - £  1 * • / . ( . -j- f y m r f i t i i r )
t  T (^7*7 "1 ^ 7 ^ 7 )  ]
(i- - z  f  i - A t
Z 4 ^ r „ -  2 ,  fl/UpT°T^<p *7 7
' I^crp1 - ^  f
(6 .60)
y. -_ +  z i ^ \ x d ^ i }  
H (' / ( i . f i i )  1 ' ' C i - i A f y -
i c j  
1 C
iM-crp*" ^
- l A /
i h ^ a s i  n  ■ I*r
-\0®d
h 4 ^ V e ? r V \
-  2
icPi
|  _   -j- y  (< 5  j )  f t e  ^
7  j  4  f  ( f f ( )  e 1“* 1  (  vlf  -  2. i y p j , ^ )
lUtfp
(j— ^ -  z -f t".
2'<H>r? y  ' * 5^^ £Eih) 7 (^f* { ) ( 1 f i ^ z)(‘(-*'2t**x')C
-  t  tVlffJ>VMij> )  ] (  . ( 6 . S I )
For a semi-infinite specimen, d— * od and from (6.58) to 
(6.61) we see that; X^ and X^— ^O and and Y^ reduce to
<7( 0 > . ,1 1  . iA  1
2  £ +* T ^ “T o J  g o p ■* v<*>Vbl p* (^)s-, J  (6.62)
and •Co)
y  -  I  T *  i A j  1 . (.(• mQp i  + r  1 )r .g  mQpm i p , ^ ip ^ o p )
Yr - 2 “T ” £ 1Il0 7 (/0pr4-n0p') + ((n-c^hp- 2nnr> J,2- ' f •
T
Substituting for o i a n d  d^u'1 from (6.48) into (6.62) and
(6.63) we obtain
Op 4nOp
(6.63)
.(0 >
v / 2 ( l + i ) av * y /2 t l+ i j a  ' , l a
L x/ 3  ( 1 + i u r j ) 1  ^  27i ( l + i w ) 2  i p
(6.64)
V
la m-
z
nu n«
' / 2 ( l + i ) a 1 / ' 7  + _
v/Jd+iun)1^  27i(l+i«Jc)^ “ 'Op 4n
_ ( ,  Op T P , Qp 7 P )
^T.p- 2n„_ + „_2 ;
Op
(6.65)
For the purpose of comparison we introduce the parameter £
w hich  c h a r a c t e r i s e s  t h e  anom alous  s k i n  e f f e c t  when r e l a x ­
a t i o n  e f f e c t s  a r e  i n c l u d e d  [B e u te r  and S on dhe im er (1948).] » 
t h i s  i s  d e f i n e d  a s  £ = io c /b ^ w h e re . b* = ( l + i & c ) .  Cl5 l ^  1  
i n  t h e  e x tre m e  anom alous r e l a x a t i o n  r e g i o n  w h ich  i s  c h a r a c ­
t e r i s e d  bywcr^> 1 , a^> 1 and  a  ( 6 .6 4 )  and  ( 6 . 6 5 )
can  t h e n  be  w r i t t e n  a s
-Lj’ = + ’ ( 6 . 6 6 )
v  ■ < 6 - o t )
The r e s u l t s  o b t a i n e d  by  J o n e s  and S o n dhe im er (1 9 6 4 )  f o r  
a  s e m i - i n f i n i t e  medium i n  t h e  p r e s e n c e  o f  a  m a g n e t ic  f i e l d  
a r e
V  -  + ^ 1 P ? + °< 5 3 / 2 > ’ ( 6 . 6 8 )
P >  ( 6 . 6 9 )
m0  mn n-, m
F o r  p=0 , g., and [A  ~t >£‘ - ^-i—- a r e  n o n - z e r o  andl p  IP  ^n Qp
a r e  g iv e n  by  (C .1 0 )  and ( 6 . 3 1 ) .  T hus, t h e  c o e f f i c i e n t  o f  
Z, i n  ( 6 . 6 6 ) and ( 6 . 6 7 ) i s  n o n - z e r o  and a s  p o i n t e d  o u t  by  
J o n e s  (1 9 6 2 )  t h e  d o m in an t  p a r t  o f  t h e  s u r f a c e  r e s i s t a n c e  
comes from  t h a t  t e rm ,  and  t h e  h i g h e r  c o e f f i c i e n t s  a r e  n o t  
n e e d e d .  However, t h e  c o e f f i c i e n t  o f  £ f o r  p = l  v a n i s h e s  
i n  b o t h  t h e  l o n g i t u d i n a l  and  t r a n s v e r s e  c a s e  a s  shown by  
( C .1 3 ) and ( 6 . 5 2 ) .  F o r  f i n i t e  d t h e  c o e f f i c i e n t  o f  £ i n  
Y f o r  p = l  i s
g _ . . ^ e .~2.°.dl l  £ ( 6 . 7 0 )
( l _ e - 2 a d /^ )  1 1  ( 1 _ e - 2 o a / ' e)
f o r  l o n g i t u d i n a l  p r o p a g a t i o n .
B oth  g-Q and a r e  z e ro  a s  shown i n  th e  a p p e n d ix
and h e n ce  ( 6 .7 0 )  v a n i s h e s . From ( 6 .6 1 )  w i th  t h e  h e l p  o f  
( 6 . 2 3 ) t o  ( 6 . 2 9 )  t h e  c o e f f i c i e n t  o f  ^ f o r  t r a n s v e r s e  p r o ­
p a g a t i o n  f o r  p = l  i s
and t h i s  v a n i s h e s  by  v i r t u e  o f  ( 6 .3 2 )  and (6 .3 3 ) *  S i m i l a r l y  
t h e  c o e f f i c i e n t  o f  ^ i n  X^ and X^ i s  s e e n  t o  v a n i s h .  F o r  
s p e c u l a r  s c a t t e r i n g  b o th  f o r  a s e m i - i n f i n i t e  medium and 
f o r  one o f  f i n i t e  t h i c k n e s s  we r e q u i r e  h i g h e r  c o e f f i c i e n t s  
o f  5  d e te r m in e  X and I .  I n  t h e  a b se n c e  o f  a  m a g n e t ic  
f i e l d  = Yfp = Y and  o n ly  ( 6 .5 9 )  n e e d  be c o n s i d e r e d .  I n  
t h i s  l i m i t  i t  h a s  b e en  shown by  Jo n e s  and  S o n d h e im er (1 9 6 4 )  
t h a t  t h e  r e s u l t s  o b t a i n e d  r e d u c e  t o  t h e  e x a c t  r e s u l t s  o f  
D in g le  (1 9 5 3 )  up t o  te rm s  o f  o r d e r  The r e s u l t s  f o r  f i n i t e
d a l s o  a g re e  w i t h  t h o s e  o f  D in g le  a s  f a r  a s  t h e y  c a n  be  com­
p a r e d .
(H -e~ 2 q d / / )
( l _ e - 2 q d /b ( 6 .7 1 )
(l_e-2od//)
^e - 2 a d / £
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CHAPTER 7
THE CASE d / v / 2 r  ----------------------------o
We a r e  p r i m a r i l y  c o n c e rn e d  w i t h  s i z e  e f f e c t s  and i t  
i s  c l e a r  t h a t  su c h  e f f e c t s  w i l l  become more p ro n o u n c e d  
u n d e r  t h e  c o n d i t i o n  d ^  2 r Q, t h a t  i s  when t h e  o r b i t  d i a m e t e r  
becom es c o m p a rab le  w i th  t h e  sp ec im en  t h i c k n e s s .  I n  t h i s  
c a s e  (<5d//£) and (<fl? //£) a r e  o f  t h e  same o r d e r . As f o r  t h e  
c a s e  d »  r o „we assume t h e  f r e q u e n c y  OO t o  be s u f f i c i e n t l y  
l a r g e  t h a t  (<5/6Ott) i s  s m a l l  and t h e n  we have
< < L
C l a s s i c a l l y  t h i s  c o n d i t i o n  i s  e q u i v a l e n t  t o
c (<r 1 / 2 d )  «  i
<A>
w here C i s  a  c o n s t a n t  and  <5J^  i s  t h e  c o n d u c t i v i t y  d e f i n e d  
by  ( 2 . 1 7 ) .
We now n e e d  t o  expand  a l l  e x p o n e n t i a l s  i n  ( 6 . 1 5 )  and  
( 6 .2 0 )  w hich  c o n t a i n  t h e  p a r a m e t e r s  ( 6 d / £ )  and (<5rQ/ / 0  a s  
pow er s e r i e s .  F o r  t h e  l o n g i t u d i n a l  c a s e  we expand  G/cr^) 
and H(ojj) i n  ( 6 . 1 5 ) a s
G (o j )  = £ gr (Y )xr - 1 , ( 7 . 1 )
r  x
H (o v ) = £ h (Y )xr  , ( 7 . 2 )
w here  x  = o ^ ( d / / ) .  F o r  t h e  t r a n s v e r s e  c a s e  we ex p an d  
1 ^ ( 6 ^ ) ,  > H^(oip), P^>(<Tgpl) , Qp(cJ^) f R^(<tj,) i n  ( 6 . 2 0 )
a s
-i-J( djn ) = S 
r ^ r ( Y)y  ’
M(crT) = S 
r
mr (Y )yr ~1 ,
N(crT ) = S 
r
n r (Y )yr - 1 ,
P ( ^ ) = 2 
r
Pr (Y )yr _ 1 ,
Q(crT) = 2 
r
qr (Y )yr _ 1 ,
E ( o-t ) = 2 
r
r r ( t ) y r - 1 > ( 7 . 3 )
where y  = a ^ d /^ o
A f t e r  e le m e n ta r y  b u t  l e n g t h y  e x p a n s io n s  [ a p p e n d ix  E ] , 
e x p a n d in g  up t o  t h e  f i r s t  n o n - v a n i s h in g  pow er o f  x  and  y 
we o b t a i n ,  from  ( 6 . 1 5 ) ,  f o r  d > 2 r Q
Q t t r e Z  . r ^ f r l
2.
+ p £ r - P p 0 . J
+ * ^ ^ | < S 2 * 2 e 5 . i . 2 )
*CeI>*s5-i>il_>j - ^ r t ( - e 2*e3- i2>*2(6t->e5-V}V2]
( 7 . 4 )
f o r  t h e  l o n g i t u d i n a l  p r o p a g a t i o n  and from  ( 6 . 2 0 ) ,  f o r  
d > 2 r o
^ w r  = | ( £0- % )2  + 3 [^ ^ o + ^ )+T5c? o a ^
+ “ r i - ( £ o+^ a :>{ ' ^ +S2 - S 2 ]  -  A ^ - ' F +^ 2 - Ir2j-
+ (  £ ^ ) f - l v i V ^ ( V V V V
f o r  t h e  t r a n s v e r s e  c a s e .  = 2 g Q a /T t£ ^ ,  = a./nt^c;
and a r e  g iv e n  i n  a p p e n d ix  E and g , h^  a r e  e v a l u a t e d  
i n  a p p e n d ix  E.-
A p p ly in g  t h e  v a r i a t i o n a l  p r i n c i p l e  i n  t h e  form  o f  
( 6 .1 2 )  o r
i—tSi) = ov ax 7
t o  (7 .4-) we o b t a i n
2 .  2
2
X = 2 ? ^  - 2 {¥5(^ o +£d )+l f e ^ d }  + % g ^ { | ( e 2 +2 s 3 +ll2 )
+ (gi|.+S 5 -hz).)| -  ^ g Q |^3<' - S 2 + s3~'ll2 ^ +2 (' S‘4-+g5'''l:l4 '>J  ^
f e ( £ o * £d )+ i f e £o ^ a }  * . ( 7 ' 6 )
I t  i s  s e e n  t h a t  ( 7 - 6 )  d o e s  n o t  g iv e  x  and  t h e r e f o r e  
i n d e p e n d e n t  o f  ^  and u n l e s s
| ( g 2 +2g3 +li2 )+g4 +g5- l i4  = 0
and
o r ,  | ' i ( g 2 +2 g5+h2 )+ (g 4 +g5- l i4 ) j 2 |
and | 5 ( - g 2+g3-li2 )+ 2 (g 4 +g5- l i /). ) j 2 |
(7.7)
= 0 (7.8)
e (7.9)
4 5
_ Ve 
' 180 (7.10)0
w here e i s  a  c o n s t a n t „ ( 6 . 7 )  and ( 6 . 8 )  a r e  e q u i v a l e n t
t o
w hich  i s  n o t  s a t i s f i e d  e x c e p t  i n  t h e  l i m i t  d —^ go ‘, a s  can  
be s e e n  from  a p p e n d ix  F .  I t  c an  be shown t h a t  (7 « 9 )  and  
(7 » 1 0 )  a r e  a l s o  n o t  s a t i s f i e d *  I n  a  s i m i l a r  way
d Llf]}
sy
d o e s  n o t  g iv e  y  and t h e r e f o r e  in d e p e n d e n t  o f  and 
e x c e p t  i n  t h e  l i m i t  d  go . C o n s e q u e n t ly ,  on r e p l a c i n g  
x ,  y  i n t o  t h e  e x p r e s s i o n s  f o r  3 ^  and  3 ^ ^ , ,  t h e s e  a r e  n o t  
g iv e n  a s  q u a d r a t i c  e x p r e s s i o n s  i n  and  T h is  i n d i ­
c a t e s  t h a t  when t h e  c y c l o t r o n  d i a m e t e r ,  2 r Q, i s  c o m p a ra b le  
w i th  t h e  f i l m  t h i c k n e s s  a  sum o f  e x p o n e n t i a l s  a s  a  t r i a l  
f u n c t i o n  t o  r e p r e s e n t  t h e  e l e c t r i c  f i e l d  i n  t h e  m e t a l  i s  
i n a d e q u a t e ;  t h i s  i s  s o m e th in g  o f  a  s e t b a c k  and w i l l  be  
d i s c u s s e d  f u r t h e r  i n  C h a p te r  9 .  However, t h e  v a r i a t i o n a l  
p r i n c i p l e  d o e s  n o t  c la im  t o  f i n d  an  e x a c t  e x p r e s s i o n  f o r  
t h e  e l e c t r i c  f i e l d  -  i t  g i v e s  t h e  b e s t  v a lu e  o f  f o r  a  
chosenm form  o f  t h e  f i e l d .  I t  i s  t h e r e f o r e  n o t  u n r e a s o n ­
a b l e  t o  u se  ( 7 . 5 )  and (7 * 6 )  i n  t h e  f i r s t  a p p ro x im a t io n
2 4  2 4m  w hich  te r m s  m  x  , x  , y  and  y  do n o t  a p p e a r  and  m
w hich  t h e  e x p r e s s i o n s  r e m a in  q u a d r a t i c  i n  £ q and
Then com p arin g  t h e  c o e f f i c i e n t s  o f  (2,^+g,^) and on
t h e  r i g h t - h a n d  s i d e  o f  ( 7 - 5 )  and ( 7 . 6 )  w i t h  t h o s e  on t h e
r i g h t - h a n d  s i d e  o f  (3*4-0) we o b t a i n  t h e  l o n g i t u d i n a l  and
t r a n s v e r s e  e le m e n ts  o f  t h e  t e n s o r s  X, Y a s
XL = + i Y { - F +!S^ a}3* ^ . 1 1 )
yL -  | t  + > ( 7 - 1 2 )
w here  A  = 2gQad/Tc40ir^^,
where A T = 2^Qa d £ , m , nr , pr , qp and rr are 
calculated in appendix F„ Preliminary results for the 
longitudinal case have been published [L.EoG. Ah Sam and 
MoC. Jones (1969)]. From the equations (3*65) and (3 .6 6 ) 
we obtain the longitudinal and transverse elements of the 
transmittivity tensor T and the reflectivity tensor R as
2 ( i / q  )XT
Tt = ---------- *2— S ? , (7.15)
U i / 9 A ) 2+ ( 1 / 4 A ) 2and Rx = ------------------ *------  ^  , (7 .1 6 .)
L
and  s i m i l a r  e x p r e s s i o n s  f o r  and w i t h  X^ and  Y^ r e p l a c .  
i n g  X^ and Y^ i n  ( 7 . 1 5 ) and ( 7 .1 6 ) „
S i m i l a r  e x p r e s s i o n s  t o  ( 7 . 4 )  and (7*5) a r e  o b t a i n e d  
f o r  t h e  c a s e  when d < 2 r Q a s  shown i n  a p p e n d ix  G, b u t  i n  
v iew  o f  t h e  d o u b ts  e x p r e s s e d  above a b o u t  t h e  v a l i d i t y  o f  
t h e  e x p o n e n t i a l  t r i a l  f u n c t i o n ,  c a l c u l a t i o n s  h av e  n o t  b e e n  
c a r r i e d  o u t .
U s ing  t h e  same m odel a s  f o r  t h e  c l a s s i c a l  c a s e  we c a l c u ­
l a t e ,  from  ( 7 . 1 5 ) and ( 7 . 1 6 )  w i t h  t h e  a i d  o f  ( 7 . 1 1 )  t o
( 7 o l 4 ) ,  t h e  t r a n s m i t t i v i t y , r e f l e c t i v i t y  and  a b s o r p t i v i t y  
f o r  v a r y i n g  f r e q u e n c y ,  m a g n e t ic  f i e l d  and f i l m  t h i c k n e s s ,  
and  a l s o  t h e  V o ig t  r o t a t i o n  f o r  b o t h  c a s e s  o f  l o n g i t u d i n a l  
and t r a n s v e r s e  p r o p a g a t i o n .  The r e s u l t s  a r e  d i s c u s s e d  
a lo n g  w i th  t h e  c l a s s i c a l  r e s u l t s  i n  t h e  n e x t  c h a p t e r .
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CHAPTER 8
CLASSICAh AND NON-CLASSICAL RESULTS 
INCLUDING THE VOIGT EFFECT
The V o ig t  E f f e c t
When a  p l a n e  p o l a r i s e d  e l e c t r o m a g n e t i c  wave i s  i n c i ­
d e n t  on a  medium i n  t h e  p r e s e n c e  o f  a m a g n e t ic  f i e l d ,  t h e  
t r a n s m i t t e d  wave becom es e l l i p t i c a l l y  p o l a r i s e d  w i t h  t h e  
m a jo r  a x e s  o f  t h e  e l l i p s e  r o t a t e d  w i th  r e s p e c t  t o  t h e  d i r ­
e c t i o n  o f  p o l a r i s a t i o n  o f  t h e  i n c i d e n t  w ave. When t h e  
p r o p a g a t i o n  v e c t o r  i s  t r a n s v e r s e  t o  t h e  m a g n e t ic  f i e l d ,  
t h i s  phenomenon i s  known a s  t h e  V o ig t  e f f e c t .  T h is  o c c u r s  
b e c a u s e  t h e  component o f  t h e  e l e c t r i c  v e c t o r  p a r a l l e l  t o  
t h e  m a g n e t ic  f i e l d  h a s  a  d i f f e r e n t  v e l o c i t y  from  t h e  com­
p o n e n t  o f  t h e  e l e c t r i c  v e c t o r  p e r p e n d i c u l a r  t o  t h e  f i e l d .  
C o n s e q u e n t ly ,  a s  t h e  wave p a s s e s  th r o u g h  t h e  medium i t s  
p l a n e  o f  p o l a r i s a t i o n  i s  c o n t i n u a l l y  r o t a t e d .  The t h e o r y  
o f  t h e  V o ig t  e f f e c t  can  be d e r i v e d  from  a  s im p le  a n a l y s i s  
b a s e d  on D ru d e ' s c l a s s i c a l  t h e o r y  [Lax and H a lp e r n ,  1962; 
Boswara. e t  a l .  , 1 9 6 2 ] .  The V o ig t  r o t a t i o n  i s  t h e n  g i v e n  
by
"O’ = c (njL ~ n i | ) » ( 8 . 1 )
w here  n .  i s  t h e  t r a n s v e r s e  r e f r a c t i v e  i n d e x  and n ir t h e  lo n g i .II
t u d i n a l  r e f r a c t i v e  i n d e x .
F o r  o u r  p r e s e n t  p u r p o s e s  we d e r i v e  t h e  V o ig t  r o t a t i o n  
i n  t e r m s  o f  t h e  t r a n s m i s s i o n  t e n s o r  T d e f i n e d  by  ( 3 . 6 5 )  
a s  f o l l o w s .  We c o n s i d e r  an e l e c t r o m a g n e t i c  wave i n c i d e n t  
on t h e  p l a n e  s u r f a c e  z=0, w i th  t h e  e l e c t r i c  f i e l d  v e c t o r
m aking  an a n g le  6 w i th  t h e  x - a x i s ,  w h ich  i s  t h e  d i r e c t i o n  
o f  t h e  m a g n e t ic  f i e l d  a s  shown i n  F i g .  5° The p o l a r i s a t i o n  
e l l i p s e  o f  t h e  t r a n s m i t t e d  wave a t  z=d i s  assum ed t o  have
a x e s  x ’- y 1 w h ich  a r e  r o t a t e d  by  an a n g le  a  w i th  r e s p e c t  t o
t h e  a x e s  x - y .  The t r a n s m i t t e d  wave d e f i n e d  by
t  exp [ i ( 6 o t~ q . r ) J  (3»42  b i s )
c an  be r e p r e s e n t e d  i n  t h i s  g e o m e try  by
=  ( t x ’ t y )  exp id), (8 .2)
where a  = x , y  and  <j> = The r e a l  p a r t  o f  ( 8 . 2 )  i s
t h e n  g iv e n  by
ifo? = ( t x r cosd)~tx i sincl), t  c o s ^ - t ^ s i n i ) , ( 8 . 3 )
w here  t  „  and  t  . a r e  t h e  r e a l  and im a g in a r y  p a r t s  o f  t  .
OCj? CXI Uv
The com ponen ts  o f  ^  a lo n g  t h e  new a x e s  x ' - y *  a r e  r e a d i l y
CXI/
s e e n  t o  be
^ ^ x r c o sa + ^ y r s ^noc^cosc  ^ ~ C‘^ x j_coscx'"i'*fc'y i s -^noc  ^s in c t ,
-  ( t  s i n a + t  cosa)cosc|> -  ( ~ t  . s i n a + t  . c o s a ) s i n d  . x r  y r  x i  y i
( 8 . 4 )
( 8 . 4 )  r e p r e s e n t s  an e l l i p s e  and i f  x 1 and  y* a r e  t h e  a x e s  
o f  t h e  e l l i p s e ,  t h e  p a r a m e t r i c  * e q u a t i o n  o f  t h e  l a t t e r  h a s  
t h e  form
x ’ = acos(<|>+€)
and y ’ = bcos((|>+e), ( 8 . 5 )
w here  2.a  and 2b a r e  t h e  l e n g t h s  o f  t h e  mag o r  and m in o r  
a x e s  r e s p e c t i v e l y .  Com paring  ( 8 . 4 )  and  ( 8 . 5 )  we o b t a i n
2 ( t  t  + t  . t  • )
t a n 2 a  »  . E l  . ( 8 . 6 )
( t  + t  • - t  - t  • )v x r  x i  y r  y i  '
As 0 i s  t h e  a n g le  t h e  e l e c t r i c  v e c t o r  o f  t h e  i n c i d e n t  
wave makes w i th  t h e  x ~ a x i s  i t  f o l l o w s  t h a t
and
i x = i r co s0
i y  = i r s in 6 ,
( 8 . 7 )
(8. 8)
From (3 « b 8 )  we have
x
t y
f a i/ :  x x
T iy y
( 8 . 9 )
w here T i s  t h e  l o n g i t u d i n a l  t r a n s m i t t i v i t y  and  T t h e  x  y
t r a n s v e r s e  t r a n s m i t t i v i t y . .  W ith  t h e  u se  o f  ( 8 . 7 ) f ( 8 . 8 )  
and  ( 8 . 9 ) ,  ( 8 . 6 )  c a n  be w r i t t e n  a s
2( xr 7T xi ri^cosesine  tan2a =  5---xr_y_r . x i  : j_i -------------
(T +T . ) c o s  6 _ (T ^+1 . ) s i n  9v x r  x i  '  K y r  y i  y
(8. 10)
T hus , t o  k e ep  a  c o n s t a n t  by  r o t a t i n g  t h e  a n g le  o f  p o l a r i s ­
a t i o n  o f  t h e  i n c i d e n t  beam we m ust have
t a n 2e A a n 2 a ( T y r 2+Ty i 2 )
+ 2 ( T x r V +Tx i V ) t 0 n e
-  t a n 2 a ( T ^ 2+Tx i 2 ) = 0
o r
tanG = | ) ± ) 2x r  y r  x i  y i x r  y r  x i  y i
+ (TXr2+Txi2^  V 2+Tyi2)tan22a] 1/2}
x [(Tyr2+Tyi2 )tan2a]-1, (8. 11)
H ence , t o  d i s c u s s  t h e  V o ig t  e f f e c t  we n e e d  t o  c a l c u l a t e  t h e
l o n g i t u d i n a l , and t r a n s v e r s e  com ponen ts  o f  t h e  t r a n s m i t t i v i t y
t e n s o r ,  T and T , and d e te r m in e  0 i n  t e r m s  o f  a .  U s in g  x  y
t h e  same m odel a s  b e f o r e  we c a l c u l a t e  t h e  V o ig t  r o t a t i o n
f o r  v a r y i n g  m a g n e t ic  f i e l d  and  p o l a r i s a t i o n  a n g le ,  
r e s u l t s  o b t a i n e d  a r e  d i s c u s s e d  p r e s e n t l y .
The
aZ v O
E ig .  5* -The V o ig t  r o t a t i o n . '  6 i s  t h e  a n g le  t h e . e l e c t r i c  
v e c t o r  E o f  t h e  i n c i d e n t  p l a n e  wave makes w i th  t h e  x - a x i s  
w h ic h r . is  t h e  d i r e c t i o n  o f  t h e - m a g n e t i c  f i e l d ^ B Q. The p o l a r ­
i s a t i o n  e l l i p s e  o f  t h e  t r a n s m i t t e d  wave h a s  a x e s  x ’- y '  w h ich  
a r e  r o t a t e d  by t h e  a n g le  a  w i th  r e s p e c t  t o  x - y .
m155
.!5
F ig .  6 . V a r i a t i o n  o f  ( 0 - a )  a g a i n s t  a  as  c a l c u l a t e d  from  
th e  c l a s s i c a l  t h e o r y ,  w i th  co/w =1 , d=10“ ^cm. and s e v e r a l
ir
v a lu e s  o f  a)0/co.
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F ig -  7 . V a r i a t i o n  o f  (®-a) a g a i n s t  a  a s  c a l c u l a t e d  from  
th e  c l a s s i c a l  t h e o r y ,  w i th  co/a)p= 1 , d -  1Cf^ cm0 and s e v e r a l  
v a lu e s  o f  w0/co.
ID
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F ig .  8 . V a r i a t i o n  o f  ( 0 - o c )  a g a i n s t  a a s  c a l c u l a t e d  from  
th e  c l a s s i c a l  t h e o r y ,  w i th  ^ = .1 ,  d=10 cm. and two v a lu e s
o f
g i g f . A  V a r i a t i o n  o f  (6-oc) a g a i n s t  a  a s  c a l c u l a t e d  from  ■ 
th e  c l a s s i c a l  t h e o r y ,  with, /(Op = .  1 , d= 10 ^ cm. and s e v e r a l  
v a lu e s  o f  co/w'p.
TW'4 J(OW.) «*i r (
.10« V a r i a t i o n  o f  l o n g i t u d i n a l  t r a n s m i t t i v i t y  w i th  f i l m  
t h i c k n e s s  a s  c a l c u l a t e d  from  th e  c l a s s i c a l  t h e o r y  w i th  
co/a) = 1 . 5 .
iob 105 to* 19* n 2
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F ig .  1 -j. V a r i a t i o n  o f  l o n g i t u d i n a l  r e f l e c t i v i t y  w i th  f i l m  
t h i c k n e s s  as  c a l c u l a t e d  from  th e  c l a s s i c a l  t h e o r y  w i th
co/a)p = 1 . 5 -
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F ig .  12 . V a r i a t i o n  o f  l o n g i t u d i n a l  a b s o r p t i v i t y  w i th  f i l m  
t h i c k n e s s  a s  c a l c u l a t e d  from  th e  c l a s s i c a l  t h e o r y  w i th
0)/CDp= 1 . 5 .
ff ig , 15 b The f re q u e n c y  v a r i a t i o n  o f  th e  l o n g i t u d i n a l  
r e f l e c t i v i t y  f o r  (0Q/a) = 1 .0 ,  d = 10“ 5 cm; c ,  a s  c a l c u l a t e d  
from  th e  c l a s s i c a l  t h e o r y ;  a ,  a s  c a l c u l a t e d  from  o u r  t h e o r y  
w i th  £=o ( th e  same r e s u l t s  a r e  o b ta in e d  from  t h e  c l a s s i c a l  
t h e o r y  i f  c rd < s : l ) ;  b ,  from  o u r  th e o r y  w i t h M=2xJ[ Cf^cm.
F ig .  14 . The f r e q u e n c y  v a r i a t i o n  o f  th e  t r a n s v e r s e  
r e f l e c t i v i t y  f o r  1 ,0 ,  d = 10~5cm; c ,  a s  c a l c u l a t e d
from  th e  c l a s s i c a l  t h e o r y ;  a ,  a s  c a l c u l a t e d  from olit t h e o r y  
w i th  &=o ( th e  same r e s u l t s  a re  o b ta in e d  from  th e  c l a s s i c a l  
t h e o r y  i f  c r d - ^  1 ) ;  b ,  from our t h e o r y  w i th  ,€=2x1 CT^cm.
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F ig .  15 . F requency  v a r i a t i o n  o f  th e  l o n g i t u d i n a l  t r a n s -  
m i t t i v i t y  f o r  o>0/(Dp = 1 .0 ,  d = 10 -'em; c ,  a s  c a l c u l a t e d  from  
th e  c l a s s i c a l  t h e o r y ;  a ,  a s  c a l c u l a t e d  from  o u r  t h e o r y  w i th  
^=o ( th e  same r e s u l t s  a r e  o b ta in e d  from  th e  c l a s s i c a l  t h e o r y  
i f  cr d <<c 1) • b ,  from  o u r  t h e o r y  w i th  ,6=2x10~^cm.
Tt .5-
P ig .  16 . P requency  v a r i a t i o n  o f  th e  t r a n s v e r s e  t r a n s m i t t i v i t y  
f o r  = 1 .0 ,  d = 10 ^cin; c ,  a s  c a l c u l a t e d  from  th e
c l a s s i c a l  th eo ry ^  a ,  a s  c a l c u l a t e d  from  o u r  t h e o r y  w i th  
£=o ( th e  same r e s u l t s  a re  o b ta in e d  from th e  c l a s s i c a l  t h e o r y  
i f  cr d b ,  from  o u r  t h e o r y  w i th  f=2x10~^cm.
1Fig ., \ 7 . F requency  v a r i a t i o n  o f  t h e  l o n g i t u d i n a l  a b s o r p t i v i t y
—5f o r  wo/ay= 'i.O j d=10 cm; c ,  a s  c a l c u l a t e d  from  th e  c l a s s i c a l  
t h e o r y ;  a ,  a s  c a l c u l a t e d  from  o u r  t h e o r y  w i th  £= o ( t h e  same 
r e s u l t s  a re  o b ta in e d  from  th e  c l a s s i c a l  t h e o r y  i f  c r d ^ l ) ;  
b ,  from ou r  t h e o r y  w i th  ^=2x10~^cm.
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Fig;. 1 8 . F requency  v a r i a t i o n  o f  th e  t r a n s v e r s e  a b s o r p t i v i t y
-5f o r  cOq/ cc^  = 1 .0 ,  d=10 cm; c ,  a s  c a l c u l a t e d  from  th e  c l a s s i c a l  
t h e o r y ;  a ,  a s  c a l c u l a t e d  from  o u r  t h e o r y  w i th  # o  ( t h e  same 
r e s u l t s  a re  o b ta in e d  from  th e  c l a s s i c a l  t h e o r y  i f  c rd  ^ 1 ) ;  
b ,  from  o u r  t h e o r y  w i th  &=2x10~^cm.
T.*
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f f i g . 19 , V a r i a t i o n  o f  th e  t r a n s m i t t i v i t y  and a b s o r p t i v i t y  f o r
th e  l o n g i t u d i n a l  a s  w e l l  a s  th e  t r a n s v e r s e  c ase  w i th  m a g n e t ic
- 5f i e l d  f o r  = 1? d=10 cm; c ,  a s  c a l c u l a t e d  f r a n  t h e  c l a s s i c a l
t h e o r y ;  a ,  a s  c a l c u l a t e d  from o u r  th e o r y  w i th  £ -o  ( t h e  same 
r e s u l t s  a r e  o b ta in e d  from  th e  c l a s s i c a l  t h e o r y  i f  o“ d ^ l ) ;  
b 3 from  o u r  t h e o r y  w i th  ^=2x10”"^cm.
r.4
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F ig .  20 , V a r i a t i o n  o f  t h e  r e f l e c t i v i t y  and a b s o r p t i v i t y  f o r  
t h e  l o n g i t u d i n a l  a s  w e l l  a s  th e  t r a n s v e r s e  c a se  w i th  t h e  
m a g n e tic  f i e l d  f o r  a)/c0p=0 o1 , d=10~^cm; c ? a s  c a l c u l a t e d  from  
t h e  c l a s s i c a l  th e o r y ;  a ,  a s  c a l c u l a t e d  from  o u r  th e o r y  w i th  
^=o ( th e  same r e s u l t s  a re  o b ta in e d  from  th e  c l a s s i c a l  t h e o r y  
i f  c rd  ^  1 ) ;  b ,  from  o u r  t h e o r y  w i th  ^=2x10~^cm.
Drudc-Ztncr and H*oO
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F ig .  .21. The f re q u e n c y  v a r i a t i o n  o f  t h e  l o n g i t u d i n a l  r e f l e o t i v i t ; ,  
n e a r  t h e  p lasm a  edge f o r  a  s e m i - i n f i n i t e  specim en  ( Jo n e s  and 
S on dhe im er, 1965).
ff ig . 22 . V o ig t  r o t a t i o n  a s  a  f u n c t i o n  o f  f r e q u e n c y  f o r  
- 59 d=10 cm; c ,  a s  c a l c u l a t e d  from  th e  c l a s s i c a l  t h e o r y ;  
a ,  a s  c a l c u l a t e d  from  o u r  th e o r y  w i th  £=o ( t h e  same r e s u l t s  
a re  o b ta in e d  from th e  c l a s s i c a l  t h e o r y  i f  c r d ^  1 ) ;  b ,  from  
o u r  t h e o r y  w i th  ,£=2x10 ^cm,
F ig ,  23 . V o ig t  r o t a t i o n  a s  a  f u n c t i o n  o f  f r e q u e n c y  f o r  
- 5(oq/co^=. 1 ? d=10 cm; c ,  a s  c a l c u l a t e d  from th e  c l a s s i c a l  t h e o r y ;  
a ,  a s  c a l c u l a t e d  from o u r  th e o r y  w i th  $=. o ( th e  same r e s u l t s  
a re  o b ta in e d  from th e  c l a s s i c a l  th e o r y  i f  (T d ^ - 1 ) ;  b ,  from  
o u r  th e o r y  w i t h Z =2x10”"^cm0
F ig .  2 4 . V o ig t  r o t a t i o n  a s  a  f u n c t i o n  o f  m a g n e tic  f i e l d  f o r  
-5a)/a)p=1, d=10 cm; c ,  a s  c a l c u l a t e d  from  th e  c l a s s i c a l  th eo ry ^  
a ? as  c a l c u l a t e d  from  o u r  t h e o r y  w i th  £=o  ( t h e  same r e s u l t s  
a r e  o b ta in e d  from  th e  c l a s s i c a l  t h e o r y  i f  cr d 2 d  ) ; b ,  from  o u r  
t h e o r y  w i th  ,£=2x1 O ^cm .
Pig:. 25 . V o ig t  r o t a t i o n  a s  a  f u n c t i o n  o f  m a g n e tic  f i e l d  f o r  
—5(o/o)p=0.1, d=10 cm,0 c ,  a s  c a l c u l a t e d  from  th e  c l a s s i c a l  t h e o r y ;  
a ,  a s  c a l c u l a t e d  from o u r  t h e o r y  w i th  £=o  ( t h e  same r e s u l t s  
a r e  o b ta in e d  from  th e  c l a s s i c a l  t h e o r y  i f  ) ;  b ,  from
o u r  t h e o r y  w i th  ^=2x10~^cm.
D is c u s s io n
F i g .  6 and  F i g ,  7 show t h e  v a r i a t i o n  o f  (© -a )  a g a i n s t
a  a s  c a l c u l a t e d  from  t h e  c l a s s i c a l  t h e o r y  w i t h  ^ / ^ 0 = 1  f o r
s e v e r a l  v a l u e s  o f  " / t o .  F o r  d = 10“ ^ cnio (F ig „  6 )  t h e
v a r i a t i o n  o f  t h e  V o ig t  r o t a t i o n  w hich  i s  s y m m e t r ic a l  a b o u t
45 °  i s  a lm o s t  l i n e a r  and t h e  d e g re e  o f  l i n e a r i t y  i n c r e a s e s
w i th  t h e  m a g n e t ic  f i e l d .  F o r  a  t h i n  f i l m ,  d=10~^ cm0 ,
(F igo  7) t h e  V o ig t  r o t a t i o n ,  w h ich  i s  a g a i n  s y m m e t r ic a l
a b o u t  4 5 ° ,  i s  no l o n g e r  l i n e a r  b u t  h a s  m inim a a t  4 5 ° •  I n
F ig s „  8 and 9 t h e  V o ig t  r o t a t i o n  i s  shown f o r  s e v e r a l  v a l u e s
o f  Q / O  w i th  6J/£\=0olo T h is  i l l u s t r a t e s  a s  b e f o r e  t h a t  o id o ^
t h e  l a r g e r  f i l m  (d=10“ ^ cm .)  h a s  a  more l i n e a r  v a r i a t i o n  
w h i le  t h e  t h i n  f i l m  (d=10~^ cm .)  h a s  m inim a a t  4 5 °  •
I n  F i g s .  10 t o  12 we show t h e  c l a s s i c a l  t r a n s m i t t i v i t y , 
r e f l e c t i v i t y  and  a b s o r p t i v i t y  a s  a  f u n c t i o n  o f  f i l m  t h i c k ­
n e s s  o I n  t h e  e x p o n e n t i a l  t e rm  e~a ^  w h ich  a p p e a r s  i n  ( 4 . 3 5 )  
and ( 4 . 3 6 ) ,  cr d e p en d s  on t h e  p a r a m e te r  a s  shown by
( 4 . 2 4 )  and  ( 4 .2 5 ) «  To i l l u s t r a t e  t h e  im p o r ta n c e  o f  t h i s  
p la s m a  te rm  we have  c h o se n  t h e  v a l u e £ 0 /6 ^ = 1 .5 -  O s c i l l a t i o n s
w hich  a r e  n o r m a l ly  a b s e n t  fo r6 l /6 * ^ < l  a r e  o b t a i n e d .  T hese  
have  a  p e r i o d  w h ich  i n c r e a s e s  w i t h  i n c r e a s i n g  f i l m  t h i c k ­
n e s s  and a r i s e s  b e c a u s e  cr i s  com plex . [Compare t h e  c o r r e s ­
p o n d in g  c u rv e  i n  S t r a t t o n  ( 1 9 4 1 ) ,  p .  1 5 5 ] .
F i g s ,  1 3 -1 8  shov; t h e  f r e q u e n c y  v a r i a t i o n  o f  t h e  t r a n s -  
m i t t i v i t y ,  r e f l e c t i v i t y  and a b s o r p t i v i t y  f o r  b o t h  t h e  
l o n g i t u d i n a l  and t h e  t r a n s v e r s e  c a s e ;  ( c ) ,  o b t a i n e d  from  
t h e  c l a s s i c a l  fo rm u la e  o f  C h a p te r  4 ;  ( a ) ,  from  o u r  t h e o r y
w i th  £=0 and (b )  from  o u r  t h e o r y  w i th  ^=2x10“'^  cm. The 
v a l i d i t y  o f  o u r  a p p r o x im a t io n  <7d<l i s  s e e n  by  c o m p a r in g  t h e  
r e s u l t s  c a l c u l a t e d  from  o u r  t h e o r y  w i t h  £-Q  and  ( a )  t h e
c l a s s i c a l  r e s u l t s  ( c ) .  From F ig s  1 3 -1 8  we s e e  t h a t  t h e  
c l a s s i c a l  c u r v e s  and t h o s e  f o r  £=0 f i t  c l o s e l y  f o r  t h e  
l o n g i t u d i n a l  t r a n s m i t t i v i t y , r e f l e c t i v i t y  and a b s o r p t i v i t y .  
F o r  t h e  t r a n s v e r s e  c a s e  t h e  f i t  i s  n o t  a s  good e x c e p t  a t  
l a r g e  . The e f f e c t  o f  o u r  n o n - c l a s s i c a l  te rm  i s  s e e n  
t o  be l a r g e  a t  63/6^=1 f o r  t h e  t r a n s m i t t i v i t y  and 60/60 = 0 .1  
f o r  t h e  r e f l e c t i v i t y .  We have  t h e r e f o r e  c h o se n  t h e  v a l u e s  
^ V ^ = l  a n d £0 /6 0 = 0 .1  t o  i n v e s t i g a t e  t h e  e f f e c t  o f  o u r  te rm
on t h e  v a r i a t i o n  w i th  t h e  m a g n e t ic  f i e l d .  T h is  i s  i l l u s ­
t r a t e d  i n  F i g s .  19 and 2 0 .
I n  F i g .  19 w i t h 63/60=1 we s e e  t h a t  t h e  l o n g i t u d i n a l  
t r a n s m i t t i v i t y  and a b s o r t i v i t y  c u rv e s  f o r  £=0 c o i n c i d e  w i t h  
t h e  c o r r e s p o n d in g  c l a s s i c a l  c u r v e s .  The t r a n s v e r s e  t r a n s ­
m i t t i v i t y  f o r  £ —0 i s  c l o s e  t o  t h e  c l a s s i c a l  e x c e p t  n e a r  t h e  
p e a k  a t6 > 0/t*)=l. T h is  p e ak  i s  due t o  t h e  b u lk  r e s o n a n c e  
a t  Y=i ( t h e  te rm  1 /(1+ Y 2 ) i n  gr ) . The e f f e c t  o f  o u r  n o n -
c l a s s i c a l  t e rm s  i s  < 1 0 %  f o r  t h e  t r a n s m i t t i v i t y  b u t  much
h i g h e r  f o r  t h e  a b s o r p t i v i t y .  T h is  c l e a r l y  i l l u s t r a t e s  
a d d i t i o n a l  e f f e c t s  a r i s i n g  a s  a  r e s u l t  o f  e n h an c ed  a b s o r p ­
t i o n  due t o  s u r f a c e  s c a t t e r i n g .  The l o n g i t u d i n a l  t r a n s m i t ­
t i v i t y  and a b s o r p t i v i t y  show o s c i l l a t i o n s  w i th  e x t r e m a  n e a r  
U^/CO = 1 / 5 ,  1 / 4 ,  1 / 3 ,  1 /2  and 2 / 9 ,  2 / 7 ,  2 / 5 ,  2 / 3 ,  s i m i l a r  
t o  t h o s e  o b t a i n e d  by  J o n e s  and S on dhe im er f o r  t h e  s e m i­
i n f i n i t e  c a s e .  These  o s c i l l a t i o n s  a r e  due t o  t h e  te rm  
2 t  Ye “ “ i n  t h e  e x p r e s s i o n s  f o r  g , e t c . ,  w here  Y = ( l+ i6 K r) /6 £ u .  
However, i n  t h e  c a s e  o f  t h e  t r a n s v e r s e  t r a n s m i t t i v i t y  and 
a b s o r p t i v i t y  t h e  o s c i l l a t i o n s  a r e  n o t  a p p a r e n t ,  b u t  an 
a d d i t i o n a l  r e s o n a n c e  a t  0g/6fr= 1 /2  i s  o b s e r v e d .  T h is  i s  due 
t o  t h e  te rm  1/(1+4Y  ) i n  t h e  e x p r e s s i o n s  f o r  £ , e t c .
F o r  a  s m a l l e r  v a lu e  o f 60, 0 / 0 }  = 0 .1  ( F i g .  20 ) t h e
o s c i l l a t i o n s  become a p p a r e n t  f o r  t h e  t r a n s v e r s e  a s  w e l l  a s
t h e  l o n g i t u d i n a l  c a s e .  However, t h e  d e g re e  o f  c o m p a r a b i l i t y
f o r  c l a s s i c a l  r e s u l t s  and  t h o s e  w i th  £ -0  a r e  p o o r e r  o v e r
a w id e r  r a n g e .  I t  i s  i n t e r e s t i n g  t o  n o t e  t h a t  f o r  t h e  two
d i f f e r e n t  v a l u e s  o f  60 (£ 0 /6 0 = 1 ,0 .1 )  xvhich we have  c h o se n  t o
P
c o n s i d e r ,  e i t h e r  t h e  b r a n s m i t t i v i t y  o r  t h e  r e f l e c t i v i t y  
g e t s  s u f f i c i e n t l y  a d j u s t e d  t o  accom odate  f o r  t h e  i n c r e a s e  
i n  a b s o r t i v i t y .  F o r  6 d /6 ^ = l , t h e  t r a n s m i t t i v i t y  i s  much 
l a r g e r  t h a n  t h e  r e f l e c t i v i t y  and we have  p l o t t e d  t h e  t r a n s ­
m i t t i v i t y  and t h e  a b s o r t i v i t y .  On t h e  o t h e r  h a n d ,  f o r  
60/60 = 0 .1 ,  we have  shown c u rv e s  f o r  t h e  a b s o r p t i v i t y  and  
r e f l e c t i v i t y  a s  t h e  l a t t e r  i s  much b i g g e r  t h a n  t h e  t r a n s ­
m i t t i v i t y .
F o r  c o m p a r iso n  w i th  F i g .  13 we have  i n c l u d e d  F i g .  21 
o f  Jo n e s  and S ondhe im er (1 9 6 5 )  f o r  a  s e m i - i n f i n i t e  s p e c im e n .  
Our r e s u l t s  show t h a t  f o r  a  sp e c im en  o f  f i n i t e  t h i c k n e s s  
(d=10~^ cm .) t h e  s h a rp  p la s m a  edge i s  a b s e n t  and  t h e  d e c r e a s e  
i n  r e f l e c t i v i t y  n e a r  C0/6^=1 i s  s m o o th e r .  F i g .  21 a l s o  
shows t h e  d e p a r t u r e  from  D ru d e ’s  p r e d i c t i o n s  a s  d i s c u s s e d  
i n  C h a p te r  2 .
The V o ig t  r o t a t i o n  a s  a  f u n c t i o n  o f  f r e q u e n c y  i s  i l l u ­
s t r a t e d  i n  F i g .  22 f o r  6 ^ / W ^ l  and i n  F i g .  23 f o r  £ 0 /£ 0 = 0 oi ti 
The a g re em e n t b e tw ee n  bae c l a s s i c a l  c u rv e  and t h a t  f o r  £ - 0  
i s  i n  g e n e r a l  o n ly  a s  good a s  i t  i s  f o r  t h e  t r a n s m i t t i v i t y .  
The d i s c r e p a n c y  i s  l a r g e  a tC 0 /6 ^ = 0 .1  and we t h u s  e x p e c t  a  
l a r g e  e f f e c t  on t h e  v a r i a t i o n  o f  t h e  V o ig t  r o t a t i o n  w i t h  
t h e  m a g n e t ic  f i e l d  i n  t h i s  r e g i o n .  T h is  i s  i l l u s t r a t e d  
i n  F i g .  2 5 o The o s c i l l a t i o n s  o b t a i n e d  f o r .  t h e  n o n - c l a s s i -  
c a l  c u rv e  a r e  due t o  t h e  c o m b in a t io n  o f  t h e  o s c i l l a t i o n s  
w h ich  a r e  p r e s e n t  i n  b o th  t h e  l o n g i t u d i n a l  and t r a n s v e r s e
c a s e ,  a s  shown i n  F i g .  2 0 .  F o r£ 0 /& ^ = l,  F i g .  24 , t h e  sh ap e
o f  t h e  c u rv e s  f o r  t h e  V o ig t  r o t a t i o n  i s  s e e n  t o  he s i m i l a r  
t o  t h o s e  o f  t h e  t r a n s v e r s e  t r a n s m i t t i v i t y ,  F i g .  19» T h is  
i s  b e c a u s e  t h e  V o ig t  r o t a t i o n  d ep en d s  o n ly  on t h e  m odulus 
o f  t h e  t r a n s m i t t i v i t y  t e n s o r  and  s i n c e  t h e  l o n g i t u d i n a l  
t r a n s m i t t i v i t y  i s  f a i r l y  c o n s t a n t  com pared w i th  t h e  t r a n s ­
v e r s e  t r a n s m i t t i v i t y .  t h i s  e x p l a i n s  why t h e  V o ig t  r o t a t i o n  
r e f l e c t s  o n ly  t h e  b e h a v io u r  o f  t h e  t r a n s v e r s e  t r a n s m i t t i v i t y .
CHAPTER 9
CONCLUSION AND GENERAL DISCUSSION
The e n h an c ed  a b s o r p t i o n  due t o  s u r f a c e  s c a t t e r i n g  o f  
e l e c t r o n s  i n  t h e  e x tre m e  anom alous  r e l a x a t i o n  r e g i o n  was 
f i r s t  d i s c u s s e d  by  H o l s t e i n  (1 9 5 2 )  f o r  a  s e m i - i n f i n i t e  
sp ec im en  i n  t h e  a b se n c e  o f  a  m a g n e t ic  f i e l d ,  and t h e  r e s u l t s  
o b t a i n e d  by J o n e s  and S o n d he im er (1 9 6 4 )  e x te n d e d  t h i s  t o  
t h e  c a se  when a  m a g n e t ic  f i e l d  i s  p r e s e n t .  The r e s u l t s  
o f  t h e  l a s t  c h a p t e r  c a r r i e d  t h i s  d i s c u s s i o n  f u r t h e r  t o  
a p p ly  t o  t h i n  f i l m s  i n  a  m a g n e t ic  f i e l d .
The c l a s s i c a l  s i z e  e f f e c t s  a r e  s e e n  t o  be c o n s i d e r a b l e  
and  t h e y  r a d i c a l l y  a l t e r  t h e  fo rm  o f  t h e  c u rv e s  f o r  t h e  
t r a n s m i t t i v i t y ,  r e f l e c t i v i t y ,  a b s o r p t i v i t y  and  t h e  V o ig t  
r o t a t i o n  from  t h o s e  f o r  t h i c k  sp e c im en s  (com pare  F i g s .  6 ,  7 ; 
F i g s .  8 ,  9 and F i g s .  10 , 11 , 1 2 ) .  S i z e  e f f e c t s  h av e  b e e n  
c o n s i d e r e d  by  Donovan and H e d c a l f  (1 9 6 3 )  i n  t h e  F a r a d a y  
r o t a t i o n  and Jo n e s  e t  a l .  (1 9 6 9 )  ' f o r  t h e  c a s e  o f  s p e c u l a r  
s c a t t e r i n g  i n  a  z e ro  m a g n e t ic  f i e l d ,  -.and Ramey e t  a l .  (1 9 6 8 )  
f o r  t h e  t r a n s m i t t i v i t y  i n  t h i n  f i l m s .  I n  a  t h i n  f i l m ,  
t h e  b u lk  a b s o r p t i o n  may be e x p e c te d  t o  be  s m a l l  and  t h e  
s u r f a c e  a b s o r p t i o n  t o  make t h e  do m in an t c o n t r i b u t i o n ,  a s  
i s  shown by t h e  c u rv e s  f o r  t h e  a b s o r p t i v i t y  i n  F i g s .  19 and 
20 , i n  t h e  c a s e  o f  d i f f u s e  s c a t t e r i n g .
The v a r i a t i o n a l  m ethod o f  C h a p te r  3 w hich  h a s  b e e n  
u s e d  i n  o b t a i n i n g  t h e s e  r e s u l t s  i s  o f  c o u r s e  o n ly  a s  good  
a s  t h e  t r i a l  f u n c t i o n  c h o se n  t o  r e p r e s e n t  t h e  e l e c t r i c  
f i e l d  i n s i d e  t h e  sp e c im e n .  We have  a l r e a d y  p o i n t e d  o u t  
t h a t  t h e  e x p o n e n t i a l  form  f o r  t h e  e l e c t r i c  f i e l d  may be
i n a d e q u a t e ,  and c o n s e q u e n t ly  t h e  r e s u l t s  b a s e d  on t h i s  may 
n o t  be e x a c t .  I n  o r d e r  t o  im prove  them  i t  i s  n e c e s s a r y  
t o  o b t a i n  a  t r i a l  f u n c t i o n  t h a t  i s  a  b e t t e r  a p p r o x im a t io n  
f o r  t h e  f i e l d  and t h i s  i s  a  l i n e  w hich  m ig h t  p r o f i t a b l y  be 
p u r s u e d  i n  t h e  f u t u r e .  I n  o r d e r  t o  do t h i s  we n e e d  t o  lo o k
o f  C h a p te r  3 a s  h a s  b e e n  c o n s i d e r e d  by  R eznek and S t r a n d b e r g  
( 1 9 6 9 ) o B ecause  o f  t h e  d e g re e  o f  d o u b t  a t t a c h e d  t o  t h e  
r e s u l t s  o b t a i n e d  w i th  an  e x p o n e n t i a l  t r i a l  f u n c t i o n  we have  
n o t  h e r e  c o n s i d e r e d  t h e  ' c u t - o f f 1 e f f e c t s  a s s o c i a t e d  w i t h  
t h e  m a g n e t ic  f i e l d  d e c r e a s i n g  so  t h a t  t h e  c y c l o t r o n  d i a m e t e r  
2 r Q becom es g r e a t e r  t h a n  t h e  f i l m  t h i c k n e s s  d .  The e x p r e s ­
s i o n s  f o r  t h i s  a r e  i n  any  c a s e  even  more com plex  f o r  t h o s e  
o f  t h e  c a s e  d > 2 r Q ( s e e  f o r  exam ple A ppend ix  G . ) ,  and  w ould  
n o t  m e r i t  t h e  l a b o u r  n e c e s s a r y  t o  c a l c u l a t e  them  i n  w hat 
may n o t  be a  v e r y  good a p p r o x im a t io n .  Bor t h e  same r e a s o n s ,  
we have  n o t  c o n s i d e r e d  t h e  c a s e  o f  s p e c u l a r  s c a t t e r i n g  
e i t h e r ,  p a r t i c u l a r l y  a s  we may e x p e c t  from  t h e  r e s u l t s  f o r  
t h i c k  sp e c im en s  t h a t  we w ould  have  t o  go t o  h i g h e r  o r d e r  
te rm s  i n  t h e  v a r i a t i o n a l  i n t e g r a l  \J(£ t h a n  f o r  t h e  d i f f u s e  
c s .se .
The c a l c u l a t i o n s  d e s c r i b e d  h e r e  have  b e e n  c a r r i e d  o u t
f o r  a  m odel o f  a  d e g e n e r a t e  s e m i - c o n d u c to r  f o r  t h e  p a r a m e t e r s
w h ich  a r e  g iv e n  i n  C h a p te r  1 ,  where&>0A>6C^  r e q u i r e s  a  mag-
6n e t i c  f i e l d  o f  t h e  o r d e r  o f  10 G a u ss .  A lth o u g h  t h e  t h e o r y  
i s  e q u a l l y  a p p l i c a b l e  t o  m e ta l  f i l m s  t h e  p la s m a  f r e q u e n c y  
i s  t h e r e  much b i g g e r  ( e . g .  f o r  p o ta s s iu m  C O ^ I O ^ )  and t h e  
e f f e c t i v e  m ass i s  a l s o  h i g h e r  t h a n  i n  many s e m i - c o n d u c t o r s .  
C o n s e q u e n t ly ,  a  much h i g h e r  m a g n e t ic  f i e l d  i n  t h e  r a n g e  
w hich  i s  p r e s e n t l y  i n a c c e s s i b l e  w ould  be  r e q u i r e d  t o  s a t i s f y  
t h e  c o n d i t i o n e r  = 60 „
more c l o s e l y  a t  t h e  f u n c t i o n a l  form
o P
The m ethod  d e s c r i b e d  and a p p l i e d  h e r e  i s  i n  p r i c i p l e  
a p p l i c a b l e  t o  a r b i t r a r y  s h a p e s  o f  sp e c im en , b u t  t h i n  f i l m s  
a r e  o f  p a r t i c u l a r  i n t e r e s t  due t o  t h e i r  w ide t e c h n o l o g i c a l  
im p o r t a n c e .  The t h e o r y  i s  v a l i d  so lo n g  a s  a  l i n e a r  r e ­
l a t i o n s h i p  e x i s t s  b e tw ee n  t h e  c u r r e n t  d e n s i t y  and t h e  e l e c ­
t r i c  f i e l d .  C o n s e q u e n t ly ,  i t  c o u ld  f o r  exam ple , be a p p l i e d  
t o  t h e  c o n s i d e r a t i o n  o f  t h e  m a g n e t o - o p t i c a l  p r o p e r t i e s  o f  
f e r r o m a g n e t i c  t h i n  f i l m s ,  b u t  i t  w ould  n o t  have  any a p p l i ­
c a t i o n  i n  an u n m o d if ie d  form  t o  n o n - l i n e a r  o p t i c a l  e f f e c t s  
w h ich  a r e  o f  c o n s i d e r a b l e  i n t e r e s t  t o d a y .
I n  t h e  l i n e a r  c a s e ,  even  when t h e  m ethod may n o t  be  
s u i t a b l e  f o r  a  g iv e n  a p p l i c a t i o n ,  t h e  e x p r e s s i o n s  f o r i t h e  
t r a n s m i t t i v i t y  and r e f l e c t i v i t y  t e n s o r s  i n  t e r m s  o f  t h e  
g e n e r a l i s e d  im pedance  t e n s o r s  i n t r o d u c e d  i n  C h a p te r  3 p r o ­
v i d e  a  v e r y  c o n v e n ie n t  m ethod  o f  d e s c r i p t i o n .
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Com bining ( A . l ) ,  (A .3 )  and  (A .2 )  1^ t a k e s  t h e  form
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The se co n d  i n t e g r a l  i n  ( A . 5 ) can  be e v a l u a t e d  e x p l i c i t l y  
v / i th  r e s p e c t  t o  z ,  and  w i t h  t h e  u se  o f  (A .2 )  we o b t a i n
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APPENDIX B
S u b s t i t u t i n g  ( 6 . 1 0 )  arid ( 6 .1 1 )  i n t o  ( 6 . 6 )  w i th
6 2 (2 )W l 2 + V^mQC O ^ ^ O sl^ l) (jr$>(j> f
g iv e n  by  ( 6 . 1 9 )  we h a v e ,  s i n c e  t h e  i n t e g r a l s  a r e  i n v a r i a n t  
u n d e r  t h e  t r a n s f o r m a t i o n  (A .2 )
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From ( .4 .2 7 )  and. ( 4 .2 8 )  we- o b t a i n
-<rd
(0 ( ^ 0  + - ( S o  i t d * )  - ^ o S c L j ,  ' X > (B.10)
( l - e ^ )
( o i  £ « ( •  +  s £ o )  —  ■ i g o S c t  —  ^ T ( / C £ p 2 ' ^  S c i 2’}  ( b . i i )
T ‘ T r , \( 1  -  f ‘ )  ■
and using these in (B.8) the latter takes the form
-  z t o U
H - i ^ )
f  ^  K ( & t SI1)  i  2. X1 SoU )  f  2 -r ^  ^  f 2
- o .
( B .1 2 )
D i f f e r e n t i a t i n g  (B .1 2 )  w i t h  r e s p e c t  t o  ( C t O  and £ 0 i d  
we o b t a i n .
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S i m i l a r l y ,  u s i n g  (B .1 0 )  and  ( B . l l )  i n  ( B .9 )  and  d i f f e r ­
e n t i a t i n g  w i th  r e s p e c t  t o  (£0\ e ; )  and  £ 0£<t we o b t a i n  two 
e q u a t i o n s  i d e n t i c a l  t o  ( B .1 3 )  and  ( B .1 4 ) .  The l a t t e r  
can  be w r i t t e n  a s
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S u b s t i t u t i n g  (B .1 7 )  and (B .1 8 )  i n  ( B .7 )  t h e  l a t t e r  may be 
w r i t t e n  a s
X u  =  1 f c ) { i - e''*) - 2 ^ ft \& f< i £ ° T
X 1 -<5r
f- U
r W c T t1
I
+ 'SX ,  X  \ ( ™  r  U . x , -
r tv / V 'Xv
. i s o t i r
7  c < - ^ ) x
t
-°TT
t X  X r n/ (B.19)
From (B .1 6 )  we have
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APPENDIX C
To com bine t h e  two e x p o n e n t i a l s  i n  t h e  f i r s t  and  
se c o n d  i n t e g r a l  f o r  G(cr^) i n  ( 6 , 1 7 )  we t r a n s f o r m - t h e  
i n t e g r a l  o v e r  z t o  an  i n t e g r a l  o v e r  u g i v e n  by
v s i n © /  x ____
=  —r r  C O S ( p - C O S U ;  ,
o
and we t h e n  r e v e r s e  t h e  o r d e r  o f  i n t e g r a t i o n  w i th  r e s p e c t  
t o  4> and u .  We make t h e  same t r a n s f o r m a t i o n  i n  t h e  e x ­
p r e s s i o n  f o r  H(crL ) .  G^crxJ) Si v e n  >^7 ( 6 . 1 7 )  and
( 6 . 1 8 )  t h e n  t a k e  t h e  form
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From (C .1 5 )  we d ed u ce  t h a t
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-  4 i (0 . 2 0 )
(  -  W lt 'M a q  +  _  11 j — _ _
4'Tuj,’'  V  4 ^ i + + t f ' ) C M * v
( c . 21)
From ( C . 1 7 ) and  (C .1 5 )  we o b t a i n
i \ \  ~  +  ftltffW =. O ( C .2 2 )
iWffP 4 1 ^ '* '
ana  from  ( C .1 9 )  and  ( C . 1 5 )
&11 — W w t n  j -  ^(L._ -  O  . (C .2 5 )
 ■ Xlitrj?_______       —
APPENDIX D
S o lv in g  f o r  0Q -an d  0^  i n  te rm s  o f  a  and (3 from  ( 6 . 8 )  
and ( 6 . 9 )  we h a v e ,  o m i t t i n g  t h e  s u f f i x e s  L and rf
6 0  = , ( V . l )
2ct i p f <*• € <r^  . (D-2^
d i f f e r e n t i a t i n g  ( 6 . 8 )  with* r e s p e c t  t o  6  vie o b t a i n
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S u b s t i t u t i n g  f o r  from  (D .2 )  i n t o  (D .3 )  t h e  l a t t e r  becom es
S i m i l a r l y ,  d i f f e r e n t i a t i n g  ( 6 . 9 )  w i th  r e s p e c t  t o  o' and  
u s i n g  ( D . l )  we o b t a i n
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7/e now d i f f e r e n t i a t e  f ^  w i t h  r e s p e c t  t o  <7 i n  ( 6 .3 4 )  and  
t h i s  g i v e s  .
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APPENDIX E . l
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APPENDIX E .2
From ( 6 . 2 0 )  we have
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Hence from ( E . 1 5 )  and. ( E . 1 8 )
fen- = -  A-fr
and. few- -  — feer • ( S . 19 )
From ( E . 16 )  and  ( E .1 7 )  we o b t a i n ,  w i th  t h e  u s e  o f  ( E .1 5 )
( E .1 8 )
i-To — t o ' f i i )  — {Wig .. ( E . 20 )  t
tCtlo+'ki)
Ho ZL 7 f 0 -  (Mei-Wh)2- -  ( E .2 1 )
Z fa o f  H-f)
&1 -t <). f (fH oftK i) ,, ( E .2 2 )
2-fjU)-f^0
I4-J ^  -  1 ^ 0  -  ( E . 2 3 )
S in c e  p0 from  ( F . 2 1 ) , ( E .2 0 )  t o  ( E .2 $ )  g iv e
Gro -  W0 "s. -  H f  ' •  ( E .2 4 )
A lso  we have
(  ( h .  -  H i  + -  H j  ) =  ( j - h  -t
- x ( ^ + h + i - ^ i +•?£) f(fv f ^ ) + -E ^ Cr*^u) (
( E . 2 5 )
Now,
Cfr ,  l i b -  b 'f f  i f r + t b t r f X W + f r H j - f i + b i W - * )
and. Cn- - ( b - b 1) 2' f  Z C^-t ttb+ a i / )C f-p )  + l d l ( l ' - i )  i
so t h a t
Co--|- Cl+ - Cb-b') \  (S .26)
s i n c e  (L~~(L  a n d  C  -  €  . ,
r
S i m i l a r l y  we c an  show t h a t .
D o-t Oh -  4e. C c - c ,) L . (E .27)'
From s i m i l a r  e x p r e s s i o n s  t o  ( E .9 )  and  ( E . 1 0 ) ,  t o g e t h e r  w i t h  
( E . l l )  we h a v e
(J>-b') - (im.i+Z'Mi. + 4 r v u ) -(fa+ifyi,) t (e .28)
) - (twv tavut + f- 7Mr -f l  wu) - r f e  +ifyC) (s.2 9 )
^  v 3
and u s i n g  (F.21) we dedu ce  .
( b - b ' ) : ( C -  < J ) .  ( E .3 0 )
I n  a  s i m i l a r  w a y  w e  c a n  s h o w  t h a t
( f - f ' )  -  ( f ' f ) .  ■ ( E . 3 1 )
l e n c e ,  f rom ( E . 1 5 ) and ( E . 2 7 )  we have
nd
^  - ( E . 3 2 )
Q)Cr4 )  t- ( t  Cb-b ' ) 1 • ( E . 3 3 )
I n s e r t i n g  ( E . 3 2 ) and  ( E .3 3 )  i n  ( E . 2 5 ) we o b t a i n  w i t h  t h e  
u se  o f  ( F . 2 1 )
Cf% -  Wv -f &*> -  -  G . ( E .3 ^ )
\
F i n a l l y  from  , ( E .1 6 )  and ( E .1 7 )  w i th  t h e  u s e  o f  ( F .2 1 )  we
o b t a i n
z ? u  -f t t  ko/?, )
*>
2.
• ( E .3 5 )
’rom (.6 . 8 ) and ( 6 . 9 ) we have
(cL i^)  Gr f  H 
(&?■+ _  2 foWi O i
Ol^)* J t i - t y y  j
Gr ~  ff Cotcdv
l i o U . ^  -  jl  U ^ C w | CE.36)
E x p an d in g  and  Hr  by  ( E .1 2 )  and u s i n g  ( E . 3 ) ,  ( E . 3 6 ) 
becom es a f t e r  s im p le  b u t  l e n g t h y  e x p a n s io n
(oF+p) Cr f  upH  = ( i o t U * - )
-j-lfoi ~ W'f ) l  -f £  (o l  •+ W5 + S i  + H i  4 6b- -  U2. f  -  If? ,) (4,
G *b (p *b 0
■+(  + JJ2 + Ql  + tb + i C r i  -  i  H z  + G i -  H j-f G ^ - W A u }
^ 4 o  i o  o, 3 2> 6 • T '0
+ ---------- — Sotct r [G t -  ib>xi f  ( ~^ co> -  h*  ^&»• - ih)
- t ^ i -  ^ * ) l t  ( - & '  -  He. -  Cri -  t t i  + Gr%- Wv+ G& - H O  14,
If V *  b i f  T  '  0
+ C -S ?  - t h - Q j  -  t i l  + -ft-4 )  M1-1o, 40 > & 6 2> 0
+____ 7. ( 2 . 5 7 )
U sing  ( E .2 4 )  and (E..3 4 ) i n  CE„37) we s e e  t h a t ,  t h e  c o e f f i c — 
i e n t s  o f  1 / y ,  1 / y  and y i n  t h e  l a t t e r  v a n i s h  and  ( E . 3 7 ) 
r e d u c e s  t o
j^Cn - - - - -  I -  So
-f-Ort> -  J+b 4  -  W4 ) ^  -J •
J? 4O d --tti) f (-£- Cf7> -f 2-G-x - W2-
^  /  V. 2 ^ -5*
-^^ 4 &,-/fi^ *f 4
( E . 3 8 )
APPENDIX F
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where we have  u s e d  t h e  same t r a n s f o r m a t i o n  a s  f o r  ( C . l ) .  
A l t e r n a t i v e l y  r e v e r s i n g  t h e  o r d e r  o f  i n t e g r a t i o n  w i t h  r e s p e c t  
t o  z and  4>1 i n  t h e  f i r s t ,  i n t e g r a l  i n  ( 6 . 1 7 )  and  ( 6 . 1 8 )  we 
have
i r
Q --14
iff
tiTrf
f
Iff <P*w
* , /" *Srf/flf
d f
&*-<)
f
£r l f  f)^  (CrtjP-CM ^y \  .
V
A. 1ff-j»
W-<P
f
< X 3 )
■Kr ir) * Id H T
r!
77 Tir ^ T T
" . K< . P . A
%Wt & M d f  Z {^ )  ( f o ^ -  f a j f f d j  
( e ^ ) J
W H
Z/
IT
c * W * W < l
Tif f
( e - i )
f
t
TT
cA h -^ vA V de
jff <p
t/
7<F.
*i
i r
r-0
' ^ ( f  <p) \
O Vo
(F.4)
From ( F .  1). and  ( F . 2 )
'rti - l r  - d r forHl  ^f a h  $ k HV ( t o  f  d f «f+■7/14)L
( 2 " M .
t - « r f f i - t e f - c o * . } ) } * 1 f  i f - i f c f a f - f o  
IW.K- ' r -'
r
-  W ) r
Hr
(if
(p-fltf
( T o
, _ ^ r  l r * 'U
ft /r/» . n
C*V$1Mk  b d o
u
f KT-C£ f/> I ,
SiaIm. 0U.
CoS^)r  — 6A ^)r ^ CF.5)
so th a t
TT 7 r
Cirf^ '&wA d& d f
d  c«*) J
c(W i\3
_  /d
j-i a
Hr r
& * )  J
<£W
f W
fT r op
- i C Ar
t
<J U
i t  p v  - t A p [ C w - ( & j ) d o
Tft>Y- 0  , . TTfc-HSrr l^lf F”*)
<2V(1 + ^ ( l +4^-) L9+W) .
-  /rtf Y i .  n r  
1 tex(Hp-)
(P.6)
From ( F . 3 )
t 2
'4.)  faf  
^ II ^
IT Tw-
f ^  f
d L r - o  J
( 0 .f i i iV
f
Tlr
r f
d<j> " e ^ f ^ Y  dj>
r "tic
H ?
M
f
U
- . y o
- 0°
v«i
[Tj K Txnr + 4f(-cwy) (j+^L)  ' i 'M < + V ')v CF.7)
Hence from ( F .6 )  and (F.7)
n U t v - < )  , K [ i - n W ) ( U j m )  1
(F.8)
From ( F . l )
fT 1At
<l  z. d  
0 °  2-
f A a fdfi*
\j uD ( £ *  0  J
(Q+tm 
*
e --
f CP.9)
Ai  "  I v
C r tV W ii .c i e
i r  -nr
r  i f  f  f c - b S t P - b l j )  dp
t t ^ f )  u
•0 cy
f
IT T"
+2-
/»
tilAlOultl
p
d<P fev '»L f ) ^
J0 V - <0 K. ^fc, -
V )1
_ J [  t  T T T tte 1^ )
. ( P . 1 0 )
/L  / W -
S i m i l a r l y  from  ( 6 . 2 1 ) ,  ( 6 . 2 2 )  and  (7 * 3 )  we have
*■* cU
r l
V
( e - O\ Ijr
U 7  (\r~\
M
T TT
f m i i t d n
<0
-SlucjPSrtWJ
( F . i i )
ana
f ( r \
\  *
7T
^ y ^ v k n r
»  11 rl
V
t
t  I (Crttf-te
I f W
U j
<2%*  ^d& r d f
J o L ^ ) J
r ~-//J
TT
r 'nr-M. I
f i  r ^ J  r^ fiY$-<l& ($\m, i i c U  d f  f e
J
& Vt
I ;
o r  a l t e r n a t i v e l y
( X l 2 )
i v  \
tH.v
I * * -  1
Sw 8 cU
d#>( £ T i )
f
7C 
r ‘ f
d f  I  " e 1^  I  (z-&*f- tej>)r-  [ 6 * f - t e j y  j
7iT-ir
f
£ l f - f)/ d<j>‘
tr 7tr
and
© 0
\
/
Cto*>Q> 
( 1s i f l to ' - p ) 
. ^ 1 p fc* ^ 1
0 . 1 3 )
JT "Mr (pfjir
Z-/I <t rl
o w
O 6
Tf
e
h
K
/* w
2it fltd© ^  r
l/
6 « (e^-0 J
t,<?W
T
. f
f*  . 5,T-
gTCf'-f)
>
0 O J  y -S ik tffo c^  /
O . w O
From ( F . l l )
I  L  \
m.o
Ho
0.15)
and
fit '
From ( F .1 2 )
11
_  w y
(.V- 1) j
+-
/ ( 4 y + _  CV** 0 \  
[ _ 2.y f r * - ? ) 
(18-yN 3.)
O'-16)
V
r vCf'-p) 
e  1
l _ r < )
t
I  Col (PCvi ^
( s i M f - f )
or
Yot
A
Tit
d w
v(f^)
e -4
—0°
.f
—o°
1  \  I  C r t f  &<,<£>f \
S u U p ' - f )
J  I ,
W V u 7c
/ / < ? ■
?
) 0 .1 7 )
From ( F . l i )  and  ( F . 1 2 )
U - p  \
IK*- f a  
H * - rv j
& d&
_ 5tr
dcf>
Cf-tlu
r ^ (f LH
f
TT
f y h u d u
U(A, “ (a.
r
i^ + k^ V k1-)
/  ( t Y ^ _  ^o') \
_iojr (4 y 4 -t sy^+i0)
- Y 1  -t < 0 ^ 4  4 7 )
+
i Itni”rr)
Y7C ^ 2'(.4+<l')^+4^) C9+4 & ) ( } S iW )
I m -v 8-  u s  A m  y V m a V w > '
- y y ( %  A 1**0 A 8:11 A lc &
, S j f t ^ Y 4 -  i & * * - + + T )
t MZ
iif ( y ^ s V y  
" U
0 .18)
From ( F . 1 2 )
I
/  tr 1mf  tkh to f  df ( e?r^ Lf>> V
J  ( e ^ t )  J
\
t>
- d §1*^© <ic-J 1 0
+sl I &SVk & d&
J
0
2iT-t(
$VklL0tK.J ^  
> H<
p d t n r  y(o?L
r
e rLf} df1
Yfo'-V) n  ^
(A,
4rr -  H i l l 1-)
_Snt 6<rrt
ifl+K'-) (<+^ )
_  4trr irfr-v^o
/  CfiitDOA^ 1 \
S'utff'-f)
(F.19).
f1
*1
t u
3/ j
f
Tir
SimV cI# fJ Ce>vlr<)
$+Vu
r C l
r
ttr  w
f  dp
J [ p t i )
O
(Crf^-W) d<^1
f
m
% f k A &
p
f a t tc L i
l T / c c
0 0
ir  T'troi ^
\  I  Coopted  
j  f o i i ( f - f )
(F ..20 )
From ( F . 1 5 ) ,  ( F .1 6 )  and ( F .1 9 )  we d ed u ce  t h e  f o l l o w i n g  u s e f u l  
r e l a t i o n s
I  f  i f
iUo t  
Wo 4 <lf /
\  /  Pn \Po 
^0 
V r o ( F .2 1 )
APPENDIX G /
' T he-C ase  d < 2 r
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o r d e r  o f  i n t e g r a t i o n  w i th  r e s p e c t  t o  z and <]>. U s in g  t h e  
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V
1-5 REFLECTIVITY AND TRANSMITTIVITY OF A 
METALLIC THIN FILM IN A CONSTANT 
MAGNETIC FIELD
L. E. G. AHSAM - M. C. JONES <*)
The variational principle used by Jones and Sondheimer to 
optimise the functional form of the electric field inside a semi-in- 
finite medium is extended to discuss the reflection and transmission 
. of e. m. waves by a thin metallic film in a constant magnetic field.
i .  -  I n t r o d u c t io n
In pure metals at low temperatures the mean free path 
of current carriers becomes greater than the classical skin 
depth and a non-local relationship between the current 
density and electric field obtains. If the system under con­
sideration were translationally invariant we should be able 
to work in terms of Fourier transforms for which a local 
relationship would exist. In the case of a thin film, however, 
the boundedness of the specimen destroys translational 
invariance so that size and surface effects have to be con- 
' sidered. If the reflectivity and transmittivity of the film 
for electromagnetic waves incident on one of its surfaces 
are to be found exactly, it is necessary to solve Maxwell’s 
equations inside the specimen, which, due to the non-local 
relationship between the current density and electric field 
become integro-differential equations. Various attempts 
have been made to solve these, either exactly (Reuter and 
Sondheimer, 1948; Hartmann and Luttinger, 1966) or 
approximately (BarafF, 1968).
. An alternative approach is to use the variational prin­
ciple of Jones and Sondheimer (i960, 1964, 1965 a, 1965 b) 
to obtain approximations for quantities which can be 
directly related to the reflectivity and transmittivity. This 
variational principle (hereinafter referred to as the JSVP) . 
is of general applicability, but has hitherto been applied 
only to a semi-infinite medium.
The object of this paper is to apply the JSVP to discuss 
the reflection and transmission of e. m. waves by thin films 
in a constant magnetic field. For this purpose some refi­
nement of the technique used prev’ously is required and 
in § 2 it is shown how the variation ', ‘ntegral Iu defined 
by equation (2.7) can be put into such a form as to yield 
sufficient information, to determine completely the reflected 
and transmitted waves for arbitrary direction of incidence. 
In § 3 standard classical results are reproduced using 
the JSVP with a sum of exponentials as a trial function to 
represent the electric field in the metal.
In § 4 a non-local relationship between the current 
density and electric field is introduced by solving the 
Boltzmann equation for the electron distribution function. 
Using this and assuming that the polarizability is frequency 
independent, or ignoring the displacement term altogether 
(this assumption is not necessary, but we make it here in 
order to avoid the complications of a frequency dependent 
permittivity), a sum of exponentials is again used to obtain
(*) L. 15. Ci. A iiSam  and M. C. Jon i:s  - D epartm ent o f Ph ysics  
U n iversity  o f Surrey - E ngland .
approximate expressions for the reflection and transmission 
coefficients. Attention is confined to the case of quasifree 
electrons with the magnetic field parallel to the surface of 
the film, where, for normal incidence of the electromagnetic 
wave, the high degree of symmetry enables us to select 
principal axes along and perpendicular to the magnetic 
field and to work with only two exponential terms, 
exp (+  a z), corresponding to waves propagating in the 
positive and negative z  direction respectively.
2 . -  T h e  V a r i a t io n a l  P r i n c i p l e
We consider the solution of Maxwell’s equations in a 
region V bounded by a surface S  for fields with time va­
riation exp (i cot). For a non-magnetic medium, in the 
presence of a constant magnetic field Bo, these have the 
form:
div D — q ;
Curl H  =  J  +
div B — o ;
8D
dt
(2.1)
Curl E =
8B
8t
We assume linear but non local relationships: 
£•»(£)==  Lj(** *') • £»(* ')  dx'.
(2.2)
Where Du , J u are the frequency dependent Fourier com­
ponents of the displacement and current density vectors 
respectively inside V. We denote by E* etc. the fields in 
the medium when Bo is reversed; these satisfy (2.1) and 
similar equations to (2.2) with L D } replaced by L* D .
If B is eliminated from (2.1) we get for E  the equation
Curl Curl E — — i 00 //o J  +  co2 //o D ,
and
(2.3) Curl Curl E* =  — i 10 //0 J  * +  to2 po D* . . . .
Now
div (E * f  Curl E) =  Curl E .
(2.4)
Curl E* — E * . Curl Curl E .
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We define Iu as
J„ = J (E '/\Cur\E)  • dS
= div (E + A Curl E) dV (Gauss’ theorem)
=  J  {Curl E  • Curl E '  +  i co //0 (E + • J) —
' — a>*pa{E'- D)}dV
from (2.3) and (2.4).
We now take the first variation of Iw.
r%
dl„ =  {Curl 5E  • Curl £ + +  Curl 6E '  • Curl E  +  
J #
-j- t co /jo (E* • dJ +  6E  • J) —
— coVo (E* • dD + dE* • D)} dV .
Now:
Curl 6E • Curl £* +  Curl 8E * • Curl E  =
=  • Curl Curl E* +  &E* • Curl Curl E  +
+  div (<52sA  Curl E* + 8E* A Curl E) .
Hence
The volume integral in (2.5) vanishes by virtue of (2.3) 
and so
<5/  =  o
if
(2.6) (6E + A Curl £  +  8E  A Curl £ +.) • dS =  o
We shall from here onwards take V to be the region 
between two infinite parallel planes 2 =  o and z =  d 
(*, y, z  being rectangular Cartesian coordinates) which 
together constitutes the surface S. Since we later consider 
only a single incident plane wave i exp [t (cot-— k • *)],' 
we take E  to be of the form E  (2) exp [— i \kx x +  kvy) ] ,  
so that (2.5) can be replaced by dlm =  o with
Iu = {E * (d) A Curl E (d) — E + (o) A Curl E  (o)}-
(2.7)
=  f  {Curl E  (2) • Curl E* (z) + i co //o E*(z)
J 0
(2.5) 8IU = {<5£ + • (Curl Curl E + ico /J o J
— to2 //o D) 8E • (Curl Curl E* +
4- i co //o J + — co2 //o JD+)} dF +
+  J {*E* A Curl E +  6E / \  Curl fF } • dS
J  E '  •, 6J  =  J  5E ‘ J * ,
E* • 6D — SE- D \
• J  (z) — <0*/«> E* (z) - D(z) dz 
and (2.6) will be satisfied if
(2.8) 6Ea(o) =  6Ea (d) =  6Ea+ (o) =  8E ^  (d) =  o ;
' (a =  *, y).
/„  will be dependent on the quantities £„ (o), Ea (d), 
Ex (o), Ea* (d) wihch are arbitrary, so if we define tensors 
X ,  Y ,  X ,  Y  by
Curl, E  (o) =  27 ( r „  £> (o) +  X vp Ep (d)) ;
p-x, v
Since
and
(2-5«)
This follows from the fact that the tensors L  D in the
non-local relationship (2.2) satisfy the generalised Onsager 
relations.
(2.9)
Then
(2.10)
Curlv E  (o) =  — 2  (Txp Ep (o) +  X xp Ep (d)) ;
P - x , v
Curl, E (d) =  —  2  (Xvp Ep (o) +  Tvp Ep (d)) ;
P - X . V
Curl. E  Id) =  2  (X,f  (Ef  (o) +  E„ (i)) .
<x.,p—x,v
+  Eat (d) Xap Ep (o) +  Ea* (o) Xap Ep (d) +  
+  Eat ( 0) r apEp (o)}.
(2-5 b) V (5 '»  2)« V (2»  20, 
L/ ( 2 '. 2) = V ( 2> 2 ') .
Where L  T. denotes the transpose of L  . , (2.5 a) then 
follows:
A /> A
E{* • 6J { = E{* 6 L(i E, =  \ 8Er  L ti E t*
Since, as is apparent from (2.7) and (2.5 b) Iw is symmetric 
in E  and E* it follows that X?  =  X +; Y T =  T +; Y T =  T +. 
The 2 x 2  tensors X, Y, X, Y  can be found by equating 
coefficients in (2.10) with those in the right hand side 
of (2.7), and once they are known the reflected wave 
r exp (— i k ’ • x) and the transmitted wave t exp (—  ik •
• x ) can be found using the boundary conditions on the 
tangential components of E  and B at the surfaces
=  J V  
= I
L „ 'E ;  if L,, =  £„* =
(2.1 r)
and similarly for D. 
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2 =  0 and 2 =  d, \k' — (kx , kv , — A ) ] .
ia ra — Ea (o) , ta =  Ea (d) ,
“  * (£ A * +  k ' A Da =  Curla E  (o) ,
(“ 1  ^ A =  Curla E (d) , (a — x, y) .
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Also we have: substituting into (2.7) we have
E  ia ka - j -  i, kt — O ,  /  V r  d i r i  A * A T fL  I
« (3 .3) 7„ =  X < 2  Axi Aptt\\kxkf —
V i,*-1 ( a,fi-x,»
(2.12) 2  ra A  t— r, A =  o ; '
“ —  (k g 2 +  A 2) AyJ +  * C L xp) J I ik  -f-
2  /« A + /, A o . jjik afc] +
If we define I? and T by: +  27 At) Ap k (t C 7^  77) * — t kp 77) * 0*) -f-
r“ p ^ , y Rafitfi +  27 Aa) * A , k ( i C L „ n ) k  — ik a n,kO,*) +
« - X , V
ta =  2  Tap ip, (d =  x , y )  . . . )
+ A / ^ k { - ( A 2 +  A 2) +  ^ 7 7 „ } 7 7 yfc .
then we obtain from (2.11) and (2.12), using (2.9):
Where
(2.13) (7 +  X) • (7 R) = ----- %- { Y -  ( / + « )  +  X* T} 77/ t = i - e x p  [ - (0/ +  0*) rf]
k- (3.4) —
and (<Ty + k^)
1 and
(7 +  K) • T  =  —  { X • (J +  JR) +  Y -  T } ,
kz
where X  =  ka kp[k2t , and I — unit matrix.
So that: Kronecker delta.
- L
. C =  co /jo , Lafi= K ^p iz^dz ',  6aP is the
The variational principle, (2.5), together with (2.6),
T - ' \ i kr ( , + K - . i ' Yr  g,vV
v _ i , { \ \ - i  2Apk =  Ep°,
I + K ----------Y )  •  X  .•
A /  \ A  / )  (3.5 b) 2  Apk exp (— ak d) — Epd,
/ + (/+ * - T yr ( /+ * +T y)i (3-5c)
(3.5 d) 2  A J*  exp (— 0/  d) =  E / + ,
+  | —  XJ  • ^7 -f  X  +  _ _  Y  | } .
(2.14) i ? =  ( I — XJ • ^7 +  X  —  Y
81
i . \  1 /  t \  1 - 1 (3.6 a) ——  +  27 d A j  exp (— at d) =  o ; i  =  1,-4j + X-_ r )  • { ——X j J • do/
J^j + K - (  * * J 1 3^’6 ^  ~8--------2  XpddAPk exp (— cxkd) = o i k =  1 ,... 4
a/
(3-6 c) —— -  — 2ao+ — ;ka<*+ exp (— 0,+ d) =  o ;
a = x , y  ; j  =  1 ,... 4
From 7* and 7?, with the aid of (2.12), all the properties 81
•of the reflected and transmitted waves can be obtained. (3 .6d ) ------------- 2a° — Aadexp (— ok d ) = 0  ;
U Pk
fi = x , y ; j =  i ,  . . .4
3. -  C l a s s i c a l  R e s u l t s
81
(3.6 e) ---------- =  o ,
We assume E (z) to be a sum of four exponentials 8At *
/-4 81
(3-0  Ea (z)=  27 ^ ayexp(— 0y2) [exp i(A * + A » )]  (3 .6 /)  --------=  0 ,
““*-v 8A,kt-i
an(j where ^  is a Lagrange multiplier.
When (3.6) is applied to (3.4) with the aid of (3.5) it is
/„ v 17 ♦ / \ yJV* A * t ♦ \ r • // , . \ 1 found that 0. ... 0, are the roots o f the same quartic equation(3.2) Ea (z) — 27 j4ay exp (— a{ z) [exp t (kxx+ Av)] .u . u. • j  u 1 • / \ j- .1 ? •.«-*,» as that obtained by solving (2.1) directly, thus reproducing
i~1 the results for both isotropic and anisotropic media.
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Transmission and Reflection Coefficients:
We now assume the medium is isotropic. In this case' 
we take E (z) to be the sum of two exponential terms:
(3.7) E (z) — a exp (— a z) + fi exp [— a (d — <:)]
Where
[£o— E d exp (— ad)]
a  --------------------------------
[1 — exp (— sa d )]
E0 =  E  (o) , E d = E  (d) .
and
[Ea — £oexp (— ad)]
 --------------------
[1 — exp (— sa d )]
Then
(CurlEo) * =  — (Curl £0)v — a {[Eo — Ed exp (— ad)] —
— [Ed— Eoexp (— ad)] exp (— ad)} /[ i— exp (— 2 ad ) ] ,
(Curl Ed) « =  — (Curl Ed) ,  =  a {[Eq — Ed exp (— od)]*
• exp (— ad)— [Ea— Eoexp (— ad)]}/[\ — exp (— 2 ad)]
Comparing with equation, (2.10):
—  2 tr exp (— a d)
X = X  =  ---------------------------- ;
1 — exp (— s a d )
a [1 +  exp (— sad) ]
r = f = - ----- —-------------- .
[1 — exp (— s a d ) ]
From (2.13) and (2.14) the transmission’ and reflection 
coefficients are given by:
4 (t a Ik) exp (— or d)
T  = ------------------  ,
(1 +  i ojk)2 — (1 — i alky exp (— s ad )
(1 + {afky) [1 — exp ( - 2  ad)]
R =  ---------------------------------------------------------------------.
(1 — i ajk)2 —  (1 +  i ofk)2 exp (— s ad )
These are equivalent to the expressions for T  and R 
given by standard isotropic theory (see for example Strat­
ton p. 515).
4 .  -  N o n  C l a s s ic a l  C a s e
Solution of Boltzmann Equation'.
In the one electron Bloch Scheme the conduction elec­
trons are characterized by the wave vector k, the energy 
function e (k) and the group velocity v =  1 [ft de[dk . 
The electron distribution function in the presence of a 
constant field is:
a/0
/(*> r) =/<> (e) + s (*> r) exp (»"0 —— >
OB
and the Boltzmann equation for g takes the form
/  1 \  dg e dg
(4*0 I— + 1 ® £+2’“ — ( 2 A #)‘TT =
\  r /  or lie ok
— e E  ( r) • v
(where r  is the relaxation time).
This has been solved by Jones and Sondheimer (1964) 
for a semi-infinite metal, adopting MacDonald and Sar- 
ginson’s (1950) method for transformation of coordinates. 
Here as there, we shall confine our attention to the case 
of quasi-free electrons with the magnetic field Bo parallel 
to the surface of the film where, for normal incidence, the 
high degree of symmetry enables us to select principal 
axes along and perpendicular to Bo and to work with only 
two exponential terms. In our case, we have three distinct 
regions inside the film to consider. Fig. 1 illustrates these 
regions.
0
In the regions o <  z < Zi where orbits cut the top sur­
face and zi < z < d  where orbits cut the bottom surface 
the limits of integration for <f> is fio to In the middle 
region (orbits do not cut any surface) the limits are <f> to 
(f> +  2 n  where <f> is the phase variable. coe — Cyclotron 
frequency. From Fig. 1 we must have
Zi > zo
or
2 v Sin 6
(4.2) d > ------- -------
(Oe
(a) For d > 2 y/co0 (4.2) is satisfied for all values of 6 
between o and 7t.
(b) For d < 2 vjcoc (4.2) is satisfied for o <  0 
< Sin-1(<wc rf/2 v); ■
and
co„ d
7t — Sin-1 --------- < 6 < n .
s v
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In the region Sin-1(coc<//2 v) < 0 < n — Sin-1(ft>crf/2 v), We consider firstly the case d %> vjco0 in which cas( 
Sin 0 is large and it is possible for orbits to cut both surfaces _ a d/l can be treated as fixed and we can expand exponential: 
simultaneously. This should give rise to cut-off effects containing {a/coer) as power series. Then Iu becomes: 
(Gantmakher (1962, 1967); Khaikin (1961)).
(a) For d > 2 v/coe ;
(4-3) J  {z) • E {z) dz a Sin 0 dO
0 Jo
d<f>
gi E  (2) dz ■f  g2E (z) dz +
+  | g iE  (z) dz 
(1b) For d < 2 vJo)e ;
(4-4) J  (z) • E (z) dz a
Sin-1 •
m .d
Sin 6 d6 +
+
ji — Sin“l -
to .d
Sin 6 dd d<f>
* £1 E (z) dz +  * g2 E (z) dz +
0 J  it
co, d
+  g iE  (z) dz) + Sin 0 dO
v  Sin"1-
CO, d
d<j> I go E (z) dz ,
Where g i , gz , gz are the solutions of (4.1) in the distinct 
regions. We again assume E (z) to be of the form (3.7) 
and measure distances in units of the mean free path 
I = r v (~v = average velocity on the fermi surface). 
From (2.7)
(4-5) K  
Where
{E1 (z) }2 dz + i co jC/o J '  Edz
J  • Edz  a (a2 +  y?2) {g (a) +  exp (— 2 a d j l ) j { a ) }  +  
+  2 a p  exp (— a d/l) {h (a) -f- h (— a)} .
Where g (a), f  (or), h (a) are certain multiple integrals 
over the fermi surface. Substituting (4.4) in (4.5) /^ becomes:
(4.6) / =  all (a2 +  /?2) [1 — exp (— 2 a d/l) ] 
— (2 a P a2//) d exp (— 0 d/l) +  
i a
+ { ( a 2 +  / ? 2 )  [ £  (a) +
COe T
+  exp (— 2 a djl) g (— a)] + ■
+  2 a P exp (— a djl) (h (a) + h (— a))} .
(4-7) Iu I — a jl (a2 +  A2) [1 — exp (— 2 a djl) ] 
— (2 a P a2//) d exp (— a djl) +  
i a
+ ^  {(a2 +  P) Ig<'> (a) +
COc X r~°
+  exp (— 2 a d/l) £<r> (— cr) ] +
+  2a P exp (— a d/l) x [/i<r> (<r) +  (— a)]]
a
C0c T
This in the first approximations gives the exact expressions 
for the expansion of 1^  in powers of $ =  *"a /( i  + : o )  t ) s 
up to three terms, (Jones and Sondheimer, 1964). The 
first term is the one adopted by Dingle ^1953) in his thin 
film approximation for zero magnetic field. .
For d ~  vjcoe (both for the case d > 2 v/(oe and d < 
< 2 v/coc) we expand the exponentials in powers of 
a djl =  x. For consistency we also expand g (a) and h (a) 
in powers of a djl as follows:
g (a) = G (x) = £  Gr (x) *r-i ;
h (a) =  H  (x) = 2 7  Hr (x) 
r- 0
Iu then becomes:
/
(4.8) I J  =  {Eo — Edy
180
I 
d 
i A
{Eo2 +  Ed2) ----- +
45
{Eo2 +  Ed2) •
1 G
 1--------
3 2 Go
+  {Gz +  Gz — Hz)
1
2 Eo Ed
2 Gq 
1
 b {Gz -f- Gz —  Hz)--------
6 2 Go
. +
+
1 7
2 j {Eo2 +  E d2)  f- Eo Ed ------
45 180
+
{Eo2+ E d2)
2 Go ( 3  
4-(G 4 +  G5 — Ha)\
{Gz “b 2 Gz +  Hz) ~b 
Eo Ed { 1
2 Go
{— Gz +  Gz — Hz) +  2 (Gi +  G5 — i / 4)
I r l
Where
A =
a 2 Go
(a is the parameter which characterises the anomalous expanding up to the first non vanishing power of x. It is
skin effect in the absence of Bo (Reuter and Sondheimer, seen from the above that the variational principle dl/dx =  o
z948)- . • does not give x, and therefore a, independent of Eo and
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E d and hence I u is not given as a bilinear expression in 
E  and E *. This indicates that an exponential trial function 
is inadequate. However, the variational principle does 
not claim to find an exact expression for the field, it gives 
the best value of 7U for a chosen form of the field. It is 
therefore not unreasonable to use (4.8) in the first appro­
ximation in which the terms in x2 and x4 do not appear. 
This reproduces the classical results in the appropriate 
limits, and X  and T  arc given by
/
X  =
+
1 +  t A
1 Gi 1--------
3 2 Go
+
{Gz +  G3 —  Hz)
(4-9)
2 Go
r =  — 1 +  i A +
+
{Gz +  Gz —  Hz) 
2 Go
From X  and T  the reflection and transmission coefficients 
can be determined.
Better approximations than (4.9) might be obtained 
by using different trial functions, and this is now being 
investigated.
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